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TOPOLOGICAL GROUPS WITH THIN GENERATING SETS 

D. D I K R A N J A N * ,  M .  'I 'KAcENNr(0 A N D  V. 'I'KACIiUKt 

Abstract. A discrele subset s of a topological groiip G with ideiit,ity 1 is called siiit.ai>le rcjr c i f  5 

generates a dense subgroup of G and SU{ 1) is closed i n  G. We study carious algebraic and t.npnlngical 
conditions on a group G which iinply the exist.ence of a suit,al)le set for G as well as t,he rest taints 

iniposed by t.he existeiice of siicli a set. 'The classes SCi S, and S,, of t.opologica1 groiips having a closed. 
generating and a closed ge i ie rahg  suitable set, are considered. The prohlein of stability oí these clxsses 

iiiider the protliict, direct. silni operat.ions and  takirig qiihgroiips or qi1ot.ierit.s is iiivest.igatd \Ve  how 
that (tohlly) miiiirnal Abelian groups often liave it suitable set. I t  is also provrd that every A b I i a n  

group endowed with the finest, totally bounded groiip tupnlugy Iins a closed geiierabiiig siiit.ahle set Llore 

generally, the Bohr topology of every locally cornpart. Alxlian group adniib a siiit,ahle set.. 

Keywords: SuitaMe set, cniiwigeiit sequenrc., torsion, divisitAe, inmothetic, (totally) i i i i i i i i i i a i ,  

quotierit group, Bohr topology, free topological grcup, (ourit ably conipact, pseudocoinpact, s ~ p i  ahic. 

Lindelof, w-bounded group 

A M s (  hfOS) SUBJECT CLASSIFICA-I ION: 22A0.5, 5/11?] 1, Secondary 22710.5, 54A25, sii)fTi 

O. In t roduct ion .  It is a typical approítch in the realm of topological groiips to 
impose some kind of finiteness condition on a group which involves somehow tlie 
topology of the group. The simplest, one is to ask the groiip t,o have a dense finitely 
generated subgroup. Let us denote by .F the class of these (topolopcally finitely 
generated) groups. It, is clear that a l l  grmips in 3 are sepaiable. The groiips in F 
that liave a dense cyclic siibgroiip are kiiown also as ~ r ~ o ~ ~ o f h ~ t z ~  groiips, they arc 
necessarily Abelian. It is well kiiown that a compact coriiiecteti Abelian groiip C: 
is monotlietic iff w(G)  5 c (cf. [HR]). The following cxtcnsioii of this rcsiilt was 
obtained in [EIM] (see also [CM, 'rlieoreitn 3.21 for a recent advance in the locally 
compact case) : 
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Out of the class of corintct-ed groiip:: the coiicii t ioi i  to be topologic*ally fiiiitcly 
getierated turns out t o  be raf,lier restrictive (even for cotnpact Abeliaii groups) ay 
the following examples show. In partiriila.r, (c) explains the role of “c.o~itie(-í,eri” in  
Theorem O. 1. 

(a) The group Q of rationals wpiipperl with the usiinl iiitimal topologv does 
not belong to F (for every finitely generated siibgroup of Q is c-losed and discrete). 

(b) A dense subgroup of a rnonot.lietic inet.rizahle groiiy iieed iiot. he t>opolog- 
ically finitely generated (a standard exaiiiple is the torsion siibgroiip of t lie circle 
group T). 

(c) A coinpact totally discoiitiect.d groiip i i i  3 is rtieti izablt (see Proposit ion 
2.1). 

‘¡‘lie above exaniplcs (a) (c) siiggest. the rcplacenierit of the rigid coiiriition 
oí ftntteiaess of the set S of topological generators of a group G by aii appoprixte 
weaker one. It is easy to see that every dmse siihgroiip G of a itioiiothetic itict rizable 
group I< lias a dense subgroup gtiieratcrl by a closed clisriete siitmt. I i i ( lc~tl ,  

take a srqiimce (5, : ? E  F: a} in G that converges to a topological geiierxtoi a 
of K that does not belong to C: (if siirti an a, is iiot. availahie, theri G itself i s  
rnonotlietic). The set S = {z, : n E w} is a5 required. Obvioiisly, this can be ticme 
for a topologically finitely generated group I( as well. ?‘his siinple fact suggests to 
consider the following two possible substitiitcs of firiiteiiess of S .  The first of tlioni 
was proposed by Tatre (cf. [Do]) and studied later by Doiiady [Do], Mel’iiikov [M) 
and Hofmann and Morris [HM], the secoiiti (m well as the first one) was considered 
recently in [CMRS‘I’] (which will be abbreviated as [C-TI): 

(i) S i s  discrete arid 3 c S U { 1); 

(i i)  S is closed and discrete in G. 

Denote by S (resp. S,) the c l m  of groups G having a subset S as in (i) (resp. 
(ii)) with (s) = G. It turns out, t,hat very often the subset S of the group G has 
the stronger property to generate G, instead of generating jiist, a rietise siihgroiip o f  
G. We denote by Sg and Scg, respectively, the corresponciing subclasses of S and 
S,. A subset S of G ay in ( i )  with (s) = G will be called suitable. 

It is not surprising that, the classes of coinpact and locally compact groups 
groups were the first to be considered oin the subject to have a suitable set. The 
following fundamental result is due to Hofmann and Morris (see ‘Theoreni 1.12 of 
[€€MI): 
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0 .2 .  Theorem. The class S coiitairis ai/  locally compact gi oups. 

For totally disconnected cornpact, gtoijps this was proved earlier by ‘Me ,  c i t d  
in [Do]. 

l’he exist.eiice of sever al wide clases of non locally cornpa t q)ologi( al gi oiips 
with siiitnbk sets was recently cst.ahlisiiecl it1 [ C Y ‘ ] .  In terriis of the (,lr?sses S, S,, S,. 
arid S,, we can siiiiwiarize the results of [C: 7’1 as follows. 

0.3. Theorem. The class S, contairis ti’ie following subclasses. 
(a) all riiett-izabíe rion-corripact gloups; 
(b) all gioiiys G with d(G) < b(G), ¡.e., b(G) = d(G) ‘; 
(c) the free (A bdiari) topological gr oiips or1 srparahle ?’ikIi«i~ov spaces; 

(d) rion-compaCt srpai able gi-oiips o f  coriiitable ~)serrdociiai actcr. 

Iterris (a), (t j) and (c) of thc above theorern follow rqwct,ivcly Ti-oiri ‘l’lieor ~’111s 
6 6, 5 7 arid 5.1 of [C-‘I‘]. Iri it,s tiirri, itmi (d) follows froin ‘i’ticorerns 5.14 aiicl 

6.3 of íC-‘i’]. ‘The definition of b(G) is givai in Section 1. We j i i s t  riote h e  t l i a t  
b(G) 5 No i f f  G is precotnpact, aiid ó(G) 5 N I  iff G is No-lmiiridcci ir1 t,lie swsp of 
Guran [Gu]. 

’The study of the class SC9 is vety far frotii being cottiplde. ‘llw foilowiiig ressrilt 
is Tlieorein 2 2 o€ [C-‘2‘1. 

0.4. Theorem. S,, co~ilains all coiinlrri5lr topological grot1ps. 

According to Theorern 6 3 of [C ‘I:], topnlogical groiips of cc,iitit,ahle p w i i -  

docharacter have spccial featiires: 

0.5.  Theorem. For a iiori-comliact groiip G of coriiitabie I-’seiitiocliaractei-, G E S 
is equivalent to G E S, arid G E Sg is eqiiivalciif to G E S,-,, 

By Corollary 3.10 of [C-T], the free Abelian topological groiip on pul does riot 
have a suitable set. Since the free Abe1ia.n topological giniip on a coiripact space is 
coniplete [Gr, Theorem 61, we obtain ttie following rwult,: 

0.6. Theorem. ?’liere exists a o-coinpact complete Abelian groiip G 4‘s. 
Note that  every separable a-compact groiip has a suitable set by Corollary 3.9 

of [DTT], so that the group G in the above tlieoieiii is nece4sarily non-separable. 
Another generalization of conipactriess is rotintable coinpacthess. By ‘rhcorcrri 

3.15 of [C-TI, under MA there exists a sq)arable countably coiiipad topological 
group with no suitable set. ‘l’he group 111 qiicsthi i s  exactly the one constructed 
by van Douwen [vDl]  to  show t,hat countable compactness is not productive in the 
class of topological groups. The bacic properties of van Douwen’s group G ate the 
following: G is infinite, of order 2 and it, does not contain non-trivial convergent 
sequences. This gave rise to the problem as to whether thcre exists a ZFC exaiiiple 
of a pseudocompact topological groiip withoiit suitable set (see Open Quest ion 3 of 
[C-TI). The  positive answer to the problem was recently obtained in [D‘I‘T’] iri ttie 
following strong form: 
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0.7. Theoreni. ?'fiere exists a coiiiitahíUv cornpart topologirni gzoiip C: 
that every cotintable subset of G is coiitairirtf in a compact s i i b g r o i l I )  of C: 

S .cric 1 1  

Iri Section 2 we isolate several iiec-sary conditions on a groiip G, priniarily of 
tupological tiature, for G E S or G E S,, c>t c. l 'hc results of Section 2 will c l a r i fy  the 
difference between compact, coiiritably compact arid pseiitlocotripac.t, groups wticn 
suitable sets are involved. 

In Section 3 we study the hetiaviour of the classes S, S,, Ss arid Scg iiiitlcr the 
basic operations: Cartesian prodiict,s, d i r t ~ t ,  siinis, pasying to subgroiips arid takiiig 
quotierits. 

The existence of a siiitable set, f o t  iiiiriirtial and totally niinirrial groiips is (mi- 

sidered in Sect,ion 4. We show that  ail totally niinimai Abelian groups as well as 
totally niiiiimal connected precorripct, groups 1>doiig to S (see ' T h e ~ ~ e ~ ~ i s  4 1 4 aiid 
4.1.5). In Theorem 4.2.1 we establish that, every iiiinirrial countal>ly compact coii- 
nected Abelian group has a suitahle set. Making use of the exairiplr fourid in [ T X " ]  
relevant l o  Theorem 0.7 we produce i n  Example 4.2.3 u-boiinded (lienc-e c o u i i t a b l y  
conipact) minimal Abelian groiips that 1 i a k ~  rio siiitable sr%. 

Iii Section 5 we study locally coinpact Abelian gioui's G' cntlowctl with their 
Bohr topology G+.  We prove that for every locally cornpact, Alielian grotip G the 
group G+ has a suitable set ('I'lieoreiIi 5.8) hiw-eover, for every Abeliaii groiip G'. 
the topological group G# E S,, (i.e., G e(liiippe(1 with the iriaxiriial totally boiiiitlcd 
groiip topology has a closed generating s u i t  able set, Theoimi .í 7). 

This paper is a logical contiriiia tiori of a rtiore topological irivestigation of qroiips 
in S arid S, clone by tlic sanle group of mitliois [D'l'T]. Therefote, several icsiills 
presented here depend 011 the coiiteiit of [D'i'T] For the reaticr's cwnvciiiwice we 
tried to  reduce to niiriitriiim sucli rrossrelerence? aiid supplied the papel wit i i  aliiiost, 
all iiecesyary material. 

1. Notation and Terminology 

We denote by R, E, Q, Z and N, rtq~ectively the reds, the i ini t  interval [O,]], 
the ratiotials, the integers and natural iiiirribers. The circle group R/Z is  deiiot,eti hy 
T. The groups Iw and T a.re assiiined to carry t.tieir usual addit,ive groiip o p e n t '  ..,ions 
arid topology. We also use J, to  denote the (coinpact,) gtoiip of p-adic integers. 

Let G be a group. 'I'lie neutral elerrient of G is denoted by 1 or lc in general, 
or respectively by O or OG if G is Rbeliam. The minimal subgroup of G c.ont.a.ining 
a subset A C G is (A). The group G is divisible if for every g E G aiid 71 E N' the 
equation 5'' = g has a solution in G. 

Topological groups are assiimed to be Iíausdorff. We denote by e t.iie t.wo-sidetl 
(Raikov) completion of G arid by c(G) the connected cornponeiit of 1 iii G. A groiip 
G i s  preconipact (or, equivalently, totally bounded) i f  G is compact, pseudocompact if 
every continuous real-valued function on (7 i s  bounded, countably compact -~ if each 
open cotintable cover of G adinits a fiiiite subcover. A group G is called w-bou1~ded if 
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every countable subset, of G is contained i n  a conipact siihgroiip. Every u-t)oi ir ic  tcd 
group is countably compact, but not vice vrrsa. 

By b(G) we denote tlie minirtial caitlitial niiiiiber s i r t l i  that tlie group G can 
be covered by less than b(G) traiislates of every iicigliborliood of iclent,it.y in  C: 
Therefore, a totally boiirided group G is c-liaiatcterized by b(G) 5 u. Scrtiori S of 
[C -T] contains niore details on ihe propert.ies of the cardinal fiiiicl ion b aiid rplat,ioris 
between this function arid the cellularity, density, etc. 

A topological group (G, T) is called m¿ri?md if T is a niiiiiirial elmietit o f  t lie 

partially ordered (with respect to iticliision) sct of Iiaiistlor ff group topologics on 
tlie group G; G is totally intnimal if eve1.y Ilaiisttorff qiiot.ic.rit, o f  G is niininial. 

The closure of a suhset, I.' & X in X is dcrioted by d , y Y  or simply cl I.' i f  t tirre 

i s  no ambiguity. When convenierit, we also iise y,' or 7 for the sittile piirpose. 
Throughout the paper, we will use l.lie notions of o- atid E-producls o f  topo- 

logical groups. Let 11s describe thein briefly. Let 1 be t.hc i(lctit,ity of the cartesiali 
product I1 = naEn G, of groups G, arid for evrry x E l3, d~fitie supp (x) = {o E 
A : 5, # la}. The a-product atid E-produd of the groiips G, witli the ceutw a are 
defined respectively as follows: 

and 
L ( A )  = { S  E I1 : I . S ? L ~ ~ ( X ) /  5 No}. 

The subgroups a(A) and X(A) of 11 are consiclcied wit 11 thti topology iriheiitcci ficmi 

n. Both a(A) and E ( A )  are dense siihgroiips of II. The subgroiip a(A) of I1 is also 
called the dtrect (or weak) su771 of the groups G,, cy E A. 

The cardinality of the continiiiim 2'" will be denoted hy c. The notatioii fot  
cardinal functions is standard: w(,U), nw( ,Y) ,  d ( X ) ,  k ( X ) ,  + ( X )  and L ( X )  stand 
for the weight,, network weight, density, character, psciictocharacter and Liiicielbf 
number of X respectively. 

The abbreviations CH and M A  are iised for the Coiitiriuiini Iiypothcsis arid 
Martin's Axiom respectively. The synibnl 0 refers to A special set-theoretic axioin 
concerning unbounded subsets of w1. It is well kiiown that, 0 CH .=j MA (see 
WI). 
2. Some necessary conditions for G E S 

We begin with the study of coriiilahly c.onipa.ct topological groiips that  have a 
(closed, generating) suitable set. The following aiixi1ia.r-y rcsiilt describes t.lie struc- 
ture of totally disconnected countably cornpact groiips with a finite siuitable set. Let 
F, be the free group of n generators and let T J , ~  be i t s  pro-ñnit*e topology, namely 
the topology that has as basic neighborhoods of 1 all normal subgroups of finite in- 
dex. The coinpletion F, of the group (F.z, ~ j ; . ~ )  is called the lree profinite grmp  of 

h 
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n generators. ‘í‘his name is jiistificci by t.!w fact. t haf. Fr?. t i a s  ttw iiiiiwrsal i)i-oi)Prt.y 
of extending continuous honioriiot-i,t~isiii:; to pnjfitiik groups of 7 1  geiici-at.ors (see 
t.tie argument, i r i  the proof of 1’roposit.ion 2. I l )~ i (hv) .  

2.1. Proposi t ion.  (a) A totally dU<:oiinciu-ted couiitably toiiipa.ct grnilp G is  top^ 
logically 71-generated for some n, E N+ iff‘ it is a quotient of the free profinite group 
F,, of n gcnerdors. in particular, G is Irietrizable, herice cornpac-t. 

(b) A countably conipact group IJ E .F is ewmtiaiiy coiinertrzd: tlip group  
H / ~ ( H )  is a quotient of í.2;, for some n. E N + .  7’iiis yiei(ís ti1a.t  TI) is a. ~ 6 -  

siibgi-orip of íi and H / c (  H) is rrieti-izal)le. 

Proof.  (a) Let cis first consider the case o f  a compact gi-oi.ip G. Note t,tiat. the 
group (F,,, 7,iri)  is nietrizable becaiise ecwy fitiik-index siibgroiip of F, is finitely 
generated (by the Nielsen-Sdireier theorem,  see Tliwrein 6.1.1 o f  [n.o]). rI1liiis, there 
are only countably inany such suhgroiips of F’n, arid hence F,, is rrietrizable as well. 
Suppose that a tot,a.lly discoiinected c.onil.m:t h groiip G is topologically 7x-gCiieratetl. 
Then G is profinite, so i t  is a qiiot,ierit. o f  Fn. ‘J’o see t.liis, fix a ~ i y  7i-gtiiei.atd 
subgroup H of G aiid a siirjective Iioniotiiorpliisin J :  Eln, -4 Ii. Ti i t r i  f is cotitiniioiis 

wheii F,, is endowed with TI~,, so that J‘ ex tends to a continuous l i ( ~ i t i ( ~ ~ ~ i ( ~ ~ ~ ~ I i i s i t i  

i: Fn 4 G which lias to be siirjective a s  f ( p n )  is conip:tct a id  dense i r i  G. B y  
compactness of F,, the lionioniorpliism j’ is opeii, so that G is a qriotieiit of F,t.  

If G is countably compact, then by a r-esiilt of [DI], G i s  zero-cliin~iisioiial. 
Therefore, the completion G E F’ is a compact t.ot,ally discoiiiiectd group. h Since 
t.he above arguriieiit yields that, G is inet,rizalile, we coiiclude t,hat, G = G. 

(b) The qiiotient group G/c(G) E F i s  couritahly conipact aiid totally discon- 

h 

h h 

h 

h 

nected, so that the coiiclusioii íoliows from (a). o 
Let G be a topological groiip arid :T C G \ { 1). We call S a supersequence 

conmrgitig to 1 in G (denoted by S - 1) if  S is an infinite discrete subset of G and 
S ü { 1) is compact (and hence iioirieornorpliic to the one-poirit cornpactificat.ioii of 
SI. 
2.2. Proposi t ion.  Let G be a coiiiitabiy coriipct group. Tlieri: 

(a) G E S iff G E F or there exist:; a siilier-seq~r~rice S + 1 in G siicli that 
(S) = G. TheJ.efore, a countably coinpact group G E S u-liich is not topologically 
finitely generated (in particular, non-separable) must conta.in IIOII- trivial co~~t~et-gerit 
sequences. 

(b) G E S, iff G E 3. In siidi a case G/c(G) is compact nietrizable. Conse- 
quen tiy, there are many compact (metrizitble, totally disconnected) Abelia.ri groups 
that do ~ i o t  belong to S,. 

- 

(c) G E S, iHG is finite. 

Proof.  (a) If t h e  group H is topologidly generaked by n finite set., there is iiot.hirig 
to prove. Otherwise a suitable set S for (2 has tu  be infinite. One can assume t,hat 



1 f S ?'he cotnplernent S \ U is closed discrct.e iii G for each opeti rieigiibortiooci I ' 
of 1 in  G, so that coiintable corripactriess of G iIripliis that S\V is finite. This inearis 
that S is a supersequence converging to i. l'iie last, assert,ion of (a) is obvious. 

(b) ' lhe equivalence of G E S, arid C: E 3 fur a coiititably compact groiip G is 
ittirriediate. The fact that G/c(G) is compact itietrixable For a countably rompact, 
group G E 3 follows from Propositioii 2.1 (b). 

(c) If S is a gmeratirig s~iit,able s d  fi3r G, tlien K = SU { 1) is corripact Since 
(IC) = G, we conclude that G is a-compact. Being coiititñbly compact, the group 
G has to be compact and, thetefore, has tlie Baire ptoperhy. Note that IC is either 
finite or homeorriorphic to the oncpoirit conipactification of the disciete space S, so 
that in  any event I( is scat,tered. Since G' = (IC), the group G is a countnble uiiion 
of contiriuoiis images of cornpact. s c a t t e r d  spaccs I P ,  72 E N i  . I i i  other worcts, G 
is a countable union of compacte scatt.eieci siibspaces. ?'herefore, one of tlierri tiiiist 

have a noti-ernpty iriteiior in G wliicli i r i  t,iirn irriplies that G f i , ~  aii isolated poirit. 
Thus ,  G is cotripact discrete arid hence i s  f in i te.  LJ 
2.3.  Corollary. Let f: G -+ If be a coiitirirmis surjective fioir-ionior~~l~isrri of couiit- 

ably compact groups. Zf G E S (G E SC), theii 11 E S (iesp., H E Sc). 

Proof. Suppose that G E S. If G E .F then obviously 11 E F. Ottipiwise, by 
Proposition 2.2 (a), there exists a siipers;equcrice S it i  G cotiverging to l ( ;  si icl i  I hat 
(S) is dcrise in G. Therefore, both sets S U { t G )  and f( S) U { 111) ale coiiii'act, 
which iiriplies that S' = I(S) \ { 11,) is a siiperscqiience i r i  11 converging to 1 I t  
is clear that, (S') is dense iii If, arid lierice H E S. 11 

Let us note that neither Proposition 2.2 (c) nor Corollary 2.3 can be exteiided 
to pseudocoinpact groups as  Proposition 2.5 and Corollary 2.6 below show. We need 
the following simple leniina tliat. appeared in [D'I'T]. For the sake of coriipld.eness 
we present its proof here. 

2.4. Lemma. Let G be a topological groiip. 
(a) if G contains a closed disciete subsel A sudi that /Al 2 ú(G), flieii G x G has 
a closed suitable set or, eqiiivalentl.~, G Y G E S,. 
(b) If G contains a closed discrete siibsct A of size ]GI, tlien G x G has a dosed 
generating siritable set, that is, G :: S E Scg. 

Proof. (a) Let A be a closed discrete subset of G, IAI 2 d(G). Choose a dense 
subset D of G with ID1 = d(G). Withoiit loss of generality one can assiiiiie that the 
identity 1 of G is not i r i  A. Denote by y any map of A onio D. We define a subset 
S of G x G by 

It is clear that S i s  closed discrete i r i  G x G and tlie subgroup (S) of G x G generated 
by S contains D x { 1) and { 1)  x D, so that  (S) is dense in G x G. 
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(1)) If A is a closed discrete siibset of G and \Al = /GI, clioosp a ijijcct ioii 

'p: A - G and define a subset S of G x G' as i n  (a). 'i'liis S will be a closc.rl d i sc i~ te  
13 

2.5.  Proposition. There exist ai bitlar ily largc pscrrcioconipact Abelian gi-orills ir, 
the class Scg. 

Proof. For each infinite cardinal T, there exists a pseiltioconipact, groiip G of 
cardinality 2' which contaiiis a closed diisciete subset, of the sanie cardinality 2'. 
This follows froiti the fact that every cornplet,ely iegiilar space X can lie embcddeci as 
a closed siibspace into a pseudoconipact groiiy of cardinality not greater t tian I,YI" c .  
Indeed, a slight rtiodification of the argiiirietit i n  [CSa, Tlieorpm 2 41 sliows ( h a t  every 
preconipact Abelian group enibetls as a cl:)scd siibgr oiip to a pseridocoriipat-t Abelian 
group satisfying the necessary cardiiinl rc?strailit. in its t i i i  til  every 'I'ikhoiiov space 
X is closed in the fiee Abelian topological groiip A(X ,  V )  rdative to the vaiiety V of 
preconipact groups [Mol. Thus, take a discrete space X of c.ardinality 2' and citibetl 
A(X, V) as a closed subgroup to an appropriate pseiitlocoiripact Abelian groiip G of 
size 2'. Now, apply Lemma 2.4 (I)) tm coiicliide that t h e  gioiip C: x G t i a s  a closed 
geiieratiiig set, anti hence G x G E SC9 By C o d o r t  arid IIoss' theoreni [CqRs], t lic 

17 
The following result, sliows tlie cliffcr~mcc bctwem countably cornpact, aiici pscii- 

docompact gioups with respect to takirig qiiotfients. Our coiistriiction will depcnd 
on the existence of a pseudoconipact group I< S which is not coiiiitably coni- 
pact (see Theorem 2.13 of [D'IT]). Web will also iise the fact that a E-piodiii t 
C(A)  C naEA IC, of pseudocompact toliological gi oups KO is pseudocornpact In- 
deed, the completion K, of K,  is a roinpac.t groiip for each o E A aiiti oiie can 
easily verify íliat C ( A )  intersects every lion-eitipty Ga-set iii the compact groiip 
naEn Ea, so that E(A) is a pseiidocornlmct, group h y  Th~oreni  1.2 of [C'Rs]. 

2.6. Corollary. There exist a pseudocompact Aiiclinri group G arid a closeti pserr- 
docompact sribgi-ouy N of G such that (7 E S,, but  GIN 

Proof. Let I< 4 S be a pseudocornpact, noti countably coinpact topological groiip 
constructed in Theorem 2.12 of [DTT]. 'i'tieti 7~2u(IC) 5 c ,  and heiice 11<1 5 2'. Since 
I< is not countably coinpact, the group N = ICzr contains a closed copy of N2r arid 
by a result of [Ju], H also contains a closed discrete subset P of cardinality 2'. Let 
C = C(2') be the C-product of 2' many copies of the group I<, C C I$. It is clear 
that C is a dense pseudocornpact subgioiip of Ei and 1x1 = 2'. Denote L = ( P )  + C. 
Then L contains a dense pseudocoinpact subgroup C, so that L itself is a dense 
pseudocoinpact subgroup of H and ILI = 2'. Since L corit,aiiis a closeti discretp 
subset P and !PI = ILI = 2', Lemma 2.4 (b) iiriplies that G = L x L E S,, Note 
that the group G is pseudocompact. 

Let p: L x L + L be tile piojection. Denote iiy cp the  projection of IJ = G ~ '  
to the first factor, ( ~ ( 5 )  = 50. It  is clear that, kerp 2 L is pseudocoinpact T h e  

generat iiig set for G x G. 

group G x G is pseudocoinpact. 

h 

S. 
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kernel Q of tlie fionioniorpliistri ~ = pI L is a.lso yseiiciocorripact twcaiise Q coiitaiiic 
a copy of tlie C-product- C(2' \ {O}) as a tltiisc siihgroiip. 'itierefore, the kcriiel iV 
of the honioiiiorptiisrri q = II, o p: L x L -+ K is tnpcdogicaily iso~norpliic to Q x L 
and hence is pseiidocotnpact. Sitice 1)oltli horriorn(.ri;~tiistiis p and $ arc open, we 
conclude that  q: G -+ IC is also o p r i ,  so that K 2 GIN By tlie choice, I< 4 S, 

In Section 3 the reader will find R det4ailed tliscussiori of the stability problenic 
for ttie c lases  S, S,, etc. 

Not every a-compact t,opological g r w y  has a suitable set (see [C 'í', Cor ollarv 
3.101 or Theorem 0.6). Let us establish ctertain coridit,ions related wit ti t.lie exiskrice 
of a closed (geiierat.iiig) suitable set for :t a-cornpact, groii1). 

2.7. Proposition. Let G be a a-coiiipact group. Then. 

then G E S,. 

Proof. (a) Let UiIEw I<, = G E S,, with K, being conipact sets. If S C G is a 
closed suitable set for G, then S n I<, is closed discrete sii1)set of the cotripart, set 
I<, and lierice is finite for each 71 E w. This yields that .Y is countable. Siipposc 
now that G is separable and non-compact. Being a-corril~act, the groiip G is not 
pseudocompact,. Thereíoie, Corollary 3.9 of [DI"] inipiies that G E S,. 

(b) Let G E S,, and supposr that 2; C C: is a closed perieratetl suit,al)le set for 
G. Then S is coiintable according to (a). Siiice G = (S), we coiiclutle that  G is 

O 
By Theorem 0.2 locally compact groups have suitable set. On the other liand, 

by Theorem 0.3 (b) the groups G wi th  d(G) < ó(G) have closed suitahle set. Now 
we see that  this condition becomes also necessary for locally cornpact. non-conipact 
groups. 

2.8. Proposition. Let G be a non-cornpact locally compact groiip. 'I'heli G E S, 
iff d(G) < ó(G). 

Proof. As mentioned above we have to  check only the necesit,y, so that, let, us 
assume G E S,. If G is a-compact then by the above proposittion d(G) 5 w. On 
the other hand, being locally compact and non-compact,, the group G cannot, 
precompact. Hence b(G) > w. 

Assume now that G is not a-compact,. Let. ü he a compact neighboiirliood 
of I in G. Then the subgroup li of G' generated by U is open and a-cornpact 
As G is not a-compact we have [G : II] > a. Let S be a closed suitable sct of 
G. Fix g E G. Repeating the argument, of the first haif of tlie proof of (a) in the 
above proposition we can conclude that the intersection S n g l i  is countable. This 
yields d ( G )  5 rnax{lSI,w} 5 [G : If]. On the other hand, since Eí i s  open we have 

U 

that cornpletes the proof. U 

(a) If G E S, tlieri G is separable; co,riversel-y, if G is separable and imi-compact 

(b)  G E S., i f f  G is couiitaI~1e. 

countable as well The converse follows from 'Theorem 2.2 of (C-'TI. 

[G : H] < ó(G). This yields d(G) < ó(G). 
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Local cornpactnew is esseiitial in  I’roposit,iori 2.8. I i i  fact,, tlie siihgi o i i I )  C: = 
QplZ of T is couiitaiile ( h e n c ~  a-coiiipm:.t, mid scparahle) a n t 1  p r c c ~ ) i i i p w t ,  t litis 

d(G) = b(G) = w. By ‘i’lieoreiri 0.4 G E Scg. 

?’he existence of iion-trivial convergeiit sequences in infinite countably coiripací, 
groups is an old arid intriguing prohltwi. Examplcs of iiiíiriite coiiiitably cr>rnpact 
Abelian groups without non-tiivial cotivergerit sequelices were given by €Iajnal arid 
Juliász [EIJ] iirider CH and by vari Dpuwui [vDl]  iiiider MA,  but no ZFC exatriple 
of such a group is consttucted to the date. Leí us see how the presence of a siiit,at)le 
set improves the situation. 

Proof. Sirice every finitely geiierated suhgroup of C: is finite, a suital)le set, S for 
G hac to be infinite; in particiilar G‘ 3. By Proposition 2.2 (a), t.liprp cxists a 
supersequence S -t 1 in G, so that. evcry miintal)ly iiiiiiiite sulxet, of S conveigcs 
to 1. o 

One cannot omit c‘torsioii’’ in Propositioii 2.9. I n  fact., iirider CII t,lierp cxis1.s 
a countably conipact nioiiot1iet.ic Abelian group If withoi it non-trivial coiivergent. 
sequences. To see this, consider the free Abelian groiip C with c generators. By 
a result of [T’k], tlie group G atfinits a coii~itably conipast, roiinec.t,etl Iiaiisdorff 
group topology 7 without rioti-trivial convergent. sequences. Clioose an elenieiit 
x E G \  {O} and denote by H the closiire of (x) in ( G , 7 ) .  It? is clear that I? is as 
required. The following example shows t,liat. the roiiditiori “G E S” in Pi-oposit,ion 
2.9 is also essential. 

2.12 .  Example. (See ‘l‘heorem 3.15 of [C-T].) 7’liei.e exists tinder M 4  ari iiifinite 
separable countably conipact subgroup G of { O ,  1)‘ wit;ihoiit non-trivia] corir-ei-ggPiit 

sequences. Therefore, G is a torsiori groiiy aiid G S. 

Example 2.12 shows that one cannot, omit “coiintable pseudocliai acter” COII- 

dition in Theorem 0.3 (d). Theorein 2.4 (a) of [D‘I”] shows that, “separable” in 
Theorem 0.3 (d) is also essential (there exists a Lindeld non-separable topological 
group of countable pseudocharacter, by F’roposition 2.13 below such a group cannot. 
have a suitable set). Clearly a groiip as in Exarriple 2.12 caiinot be w-bounded, siiire 
w-bounded separable groups are coinpack. In Example 4.2.3 we give an  exaiiiple iri  

ZFC of an w-bounded minimal Abelian group without a suitable set. 

As we have seen, compactness-like properties (such as coiintablc coiiipactriess, 
o-compactness, local compactness etc.) imply strict restrictions on t,he groups in S 
and S,. There is, however, at least one restraint for all topological groups in the 
class S as  tlie following simple but useful result, shows (set. Lemma 2.3 of [IX’”]). 
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3. Invariance properties 

3.1.  Finer topologies, direct sums 

We start with the followiiig simple eissertion: 

3.1.1. Lemma. S, arid Scg are closed undini taking h e r  lopologies. 

Proof. Discreteness and closdricss are invariant iitider ta.kiiig fincr h1)ologiris. 0 

We do not know under wliicli circiirnstances the coiicliisioti of lJemiiia7. 3.1.1 
remains true for the classes S arid S,. 

The following result is close to 'l'lieoreni 4 . 1  of [GT]  biit o i i r  c.nrist.~riict.ioii of 
a suitable set, is diííerent, because the nie't>hod of [C--'r] does riot work for produring 
closed suitable sets for direck siiiiis of topological groups. First,: we iieeti sorii~ 

notation. 
Let n = ni,, Gi be a cartesian product. of topological groups Gi. By d c ~ í i i i i l . i o i i .  

the direct sum, @iEIGi o f  the groups Gi is the a-product of the grni.ips Gi w i t h  the 
topology inherited from n (see Section 1'). Let Ai he a subset of Gi, i E 1. If .I 2 I, 
we define 

ei,-JAi = {z  E @iErGi : zi = li for all i E I \  J and ri E Ai for all i E J}. 

3.1.2. Theorem. The ciasses S, arid S,, are closed under tnkiiig couritable direct 
sums. 

Proof. Let {Gi}iEw be a family of topological groups, Gi E S for each i E w ,  and 
let G = eiEwGi. For every i E w ,  denote by 11, the canonical projcc.t.ion G --$ Gi, 
choose a closed discrete subset Si c Gi witiiessirig Gi E S,. arid define 

Ai = and S = ui,,Ai 

Then Si x { lw\{ j l }  C (S) for each i E w ,  and hence Ts> = G. Clearly, the set 
B = @iEw(Si U { l i } )  is closed in G ,  so that 3 13. Since the projection po: C= -+ Go 
sends S onto the closed set So i i i  Go that, iiiisses l o ,  it follows that lo = p o ( l )  6 
PO(~). Consequently, 1 # 3 in G .  Let __ u:; show that S is closed discrete in G .  

Take a point 1 # g = ( g i ) i E w  E (S).  Then g E @j<iCj - for some i E u. Since 
g # 1 we c.an choose i to  be minimal, that is, gi # li. These assu~riptiotis give 
g E B n @j<iGj = @j<i (S j  U { l j } ) .  Since g i + i  = l i + i  4' S i t i ,  there exists aii opeii 
neighborhood U,+1 of l i+l in Gi+l suc:h that üi+1 n Si+, = 0. This iriiniediately 

__- 

-- 
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1 yields that kV n A, = 41 for every v i  > i, where It‘  = p;+l(Ui + I )  is  a11 opcii 

neigliborliood of g ir i  G. ‘l’liis itriplies tliat, g E Al ü . . . !_i A,. Since pt(A-i) = { 1,)  
for some IC < i ,  we coriciii(ie tIiat g Pi; for IC < i .  1icwc.e g E A,. TIE Iai,t,cr is 
equivalerit to say that, (go,.  . . ,si) E S1 x . . . x Si.  Tlowevei., t,Iie siibset, S1 x . . . x S, 
of Go x . . . x Gi is closed aiid discret,e as x finite 1)roduc-t of closed discrete sets. 
Thus, g E Ai C S and g is an isolated point. o f  S. Hence S is a closed discrete 
subset of G and G E S,. 

If each Si generate-5 Gi theri S geiieraks BLEWGi. Therefore, C: E Scq. ~i’liis 

It will be proved in Corollary 3.2.4 t l ia l  S aiitl S, are closed iiricier 1,akirig 
arbitrary direct sums. Howwer, t,liis is iiot true for S, awl S,, even i n  the case of 
direct sums of w1 finite cyclic groiips as tlie following exairiple sliows. 

3.1.3. Example. ?’lie direct siiiri G = fFw, {O, 1) of  u1 copies of the discrete gimip 
{ O ,  1) does not belong to S,. írideed, the gi-otiy G is á-compact as tlie siihset IC,, 
of all eleirieiits of G with support of size 5 ti, is coriipact for every 77. E N. Since 
d(G) > No, Pt-oyositiori 2.7(a) implies that G 4 S,. 

___ -_ 

___ 

proves the leintna. u 

Let us firiish this section wit,h vnei inore exainpie. ‘ ihe groiip J, of p a d i c  
integers is ~noiiot,lietic, and lietice the direct slim G = eWJ,  of coi~tit~ahly iria.riy 

copies of J, belongs to S, by ‘Hieormi 3.1.2. Nevertlicless, G 4 S,,, for C: is 
a-compact aiid uncoiintable (see Pi-oposi tion 2.7 (b)). 

3.2. Products 

The following result i s  ininiediate. 

3.2.1. Proposition. Let K be a deiise srrhgrorip of a topological group G arid let. 
S be a sriitable set for G with S c IC. ‘Z’hei~ S is a siritable set for every g o r i p  H 
satisfying I( H G. 

Tlie part (a) of tlie following leninia. sligtitly geiieralizcs ‘Theorem 4.1 of [C -TI: 
the part (b) is new. 

3.2.2. Lemma. Let H be a sui,groiip of  a cartesiaii prodiict G = n,,, Gi of 
topological groups Gi. Stippose that for. each i E I ,  pi(H) cciritairis a srihgioiijj L, 
such that L = @iErL, is deiise in H ,  u h ~ e  I>,: C: - Gi is the yrojcctioii. 17ieir: 

(a) i f  for every i E I ,  yi(H) coiitaitis a suitable set Si with  Si C Li, the11 li E S;  
(b) L E S, wlieriever Li E S, for each i E I .  

Proof. (a) Let Si be a suilable set for = pi(H) satisfying Si C Li, i E I .  Define 
S = UiEI(Si x { l f \ { i ) } )  C L and use the argument in [C-T, Theorem 4.11 t.o sliow 
that, S is suitable for 

(b) For every i E I, choose a siiitable set Si for L, with  (S i )  = Li. By (a), the 
set S = UiEr(Si x { l l \ ( i ) } )  is suitable Ifor L.  The eqiialit,y (S) = L is irriniediate. 

U 

Ki and, by Proposition 3.2.1, f9r I1 and L. 
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The first part of the followirig rcsiilt, was proved i r 1  [C' 'i'tieorerri 4.11. 

3.2.3. Corollary. The class S is closed iilritkr ai-liitrary prodricts. Afore precis el.^, if 
G, E S for w-ery i E I ,  theii every siibgiarip H of /he cai4esia.n protliict G = ci, 
coritaiiiirig fhe direct srmi @iEIGi I)elongs to S. 

3.2.4. Corollary. ?'lie cfasscs S niid SI, are closcd riader takirig a.i.bitim.j. direct 
S U I I I S .  

Corollary 3.2.3 implies that S is closed iindcr takirig C-procliic.ts (i,his was also 
noted in [C-T, 'rlieotetn 4.11). We see now that this is riot true eitlicr for S, or Scg. 
In  fact, if  the iridex set I is infitlike, the :at S in tlie above proof has the idmtity 1 
as a cliister point, so that S chnsen in tliat way cannot. be c iosd .  It. timis out that. 
no closed suitable set can pxist i t i  some cases. 

3.2.4. Proposition. ?lie classes &, Sg atid SCg aIp closed ri~ider finite p i o d t i d s  
but fail to be closed undei- iiiiinite pi odiicls. 

Proof. The case of finite prodiicts follows froni ' l ' l i~o~eni 3.1.2 arid Leirima 3 2 2. 
For irifinite products we shall give a single coiiriterexarnplc w l i i d i  serves for a11 t lircc 
classes. The key is the following coiollary to Proposition 2.2: i f  a compact groiip C: 
is in some of these three classes then G' E 3. Let C b e  a f i i i i k  cyclic groiip, IC'[ > 1 
(so that C E S,,), and piit, G = C". Then every finitely ge~ieiatcd subgroiip of G 
is finite, whence G # 3. Therefore, itrrtis (b) and (c) of Pi opocif ion 2 2 iiripiy t,liat 

13 G # S, and G # S,. 

3.3. Subgroups 

The following example from [C--T, Theorein 4.71 shows that, open siibgroiips of 
groups in S need not belong t.0 S. 

3.3.1. Example. (See [C-TI.) For every topological group G,  the gr-oiip I1 = 
G x Gd belongs to SCg, wliere G d  deriotes the group G equipped with the discrete 
topology. So, if G 4 S then the projection p: H -+ G is an ope11 Iio1nornorl)~iisiri 
which does riot preserve the classes S ,  &, Sg and Scg. 

This example shows that. the property being in S (or iii SL, Sg, Scg) is inherited 
neither by open subgroups, nor by direct surniriands. 'The proof of tlie fact that. 
H = G x G d  belongs to SCg follows iinniediately from t,he following claim. The first 
part can be easily deduced from 'I'heorern 0.3 (b). 

Claim. If G Iias an open subgroup Zi sricii t.liat d ( H )  5 [G : HI, thew G E S,. If 
[If1 5 [G : HI, then G E Scg. 

Now we discuss the passage to  dense subgroups. Let us recall tliat deiise 
subgroups of rnetrizable topologically finitely gelierated groups are in the class S, 
(see the argument after (c) of 1ntroduct.ion for a direct proof; this also follows 
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from ‘I’heoiem 0.3(a)). It w a s  noted i n  IC T1 RPti ia ik 3 1.71 that S is not (.loseci 
under taking dense siibgrniips: the Inoiiot Iietic grorip T‘ coiit airis a dense a-coinpact, 
coniiectd suhgroiip H S. On the otlict liand, a group G with a deiise S-si11)groiip 
not necessarily lias a suitable set (se9 Exarriple 2.13 of [D‘iT]). ‘I’lierefore, th t  class 
of groups containing a dense S-siihgroiip is strictly larger than S. 

It is a ciialletiging problem to cliaiacterize the latter class. We jiist riotc.  iicic 
that under 0 this class of groiips docs not coincide witti t l i e  class of all topological 
groups (see ‘ilieore~n 2.4 (b) of [D?“]). iVe do riot know, however, if there exists i i i  

ZFC an  example of a topological groiip which does not contain a dcnse siibgrciup 
with a suitable set (see Problciti 3.18 of [D‘IT]). 

The counterpart for closed S-sul)groups niay  be put as follows: Ihes  a giveii 
group G have a t easoriatbly large closcti S-siil~groiips? ?’he answer is (Liio’’ iiiitler 

MA: the only closed S-subgroiips o f  t l i e  groiip G i n  Exa.inple 2.12 arc t l ic finite 
ones. This suggests to rcstrict the class o f  cIc)s~d subgroups. I i i  p a  ticular, it, swim 
interesting to find out wlidher honioiiioi ptiic i ~ t  iacts o f  gioiips i r i  S (S,) 1)clotig to 
s ( S c h  
3.4. Quotients 

We begin with tlie qiiestiori: when ZS S closed mder- iakziig quot?enls? ‘I‘lie 
theorem below generalizes the fact that  coiitiiiiioiis siirjective l io~no~~io i  jhisrris wit I i  

compact domain preserve S “dowIiwaids” (i.e., if G is compact then eve1 y quot ieiit 
of G is in S). We have seen in CorolIa.ry 2 3 t.liat such a preservation is available 
also when the domain is cniiiit ably compact. 

3.4.1. Theorem. The  classes S, S,, Sg arid S,, are c.losed tirider takiiig closed 

lioniomor-phic images. 

Proof. Let f: G -t H be a closed cont ii~iiious siirjective homomorphism. Suppose 
that S is a suitable set for G. Then 3 C SU { I t ; } .  Define SI = f ( S )  \ { 111). Sii ice 
f is closed, we tiave SI U { 1 ~ )  = f ( S  U { 1 ~ ) )  arid the latter set is closed in íi .  An 
analogous argument, applied to an  arbitrary siibset S’ of S slinws that, SI is discrete 
and tlie identity 1~1 can be the only acciiniiilation point. of SI, i.e., 5’1 is suitable 
for 11. I t  retnains to note that i f  S is tlosed (generating), tlieri SI lias the same 
property. n 
3.4.2. Corollary. If G E S atid I< is a coiiipact riorrrial subgroiip o f  G f l i m  
G/I< E S. T h e  sane is true for tlie c1assc.s &,S, arid Sc,. 

Example 3.3.1 shows that G E S,, ;tiid I< E S,, do riot irnply G/I< E S even 
when I< is discrete, i.e., closedness of f is essential in Theorein 3.4.1. 

In what follows we investigate the preservation of S in tlie opposite direction. 
Nainely, we give some partial results a b w t  “lifting” the property being in S (or in 
S,, S,, S,,) along a “nice” siirjective liornomorpliisni f: G - 11, i.e., we investigate 
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wheri H E S yields G E S aiid siiriilariy íor t,lie ot.licr classes. Accortlirig to 1,rriirria 

3.1.1 it is not restrictive to considw orily open Iioitiorriorptiisiris f wlieti S, arid Sc9 
are involved. I t  is also riat,ural to czssiirrie that ker j E S. So, our general prohlerii 
can be reforniiilated as follows: 

3.4.3. Problem. Let N be a closerf rimma1 sijligroup of a topological gr-oiip Cr 
such that GIN E S and N E S. 

(a) Is it true IJien that G E S ? 
(b) C V h t  is tJie answer to (a) i f N  is either coiiipact or riietrizabfe, or- discrete ? 

By Proposition 3.2.5 and Corollary 3.2.3, t,he answer to Problerii 3.4.3 (a) is 
“yes” when N i s  a topological direct siiirirriaii(il i.e., G E N x G I N .  We show that. 
this reniairis true for semidirect products as well (see Corollary 3.4.8). Iti the sequel 
we shall develop a line “transversal” to (b), i.e., we shall impose some additioriíii 
rest,rictioiis 011 the quotient GIN in order to get G E S. For example, ‘rlieorerr~ 4.2 
of [C-T] answers Problem 3.4.3 (a) a.ffirtriat.ively for both S atid S, when IV is  o p t i .  

i.e., when G I N  is discrete. Oiir first, aitil will be to ex1,cric-l t.liis observatiori f,o the 
more general case when G I N  E S, (see rl’iieorer~i 3.4.5). 

The proof of the following simple leiiiiria. is oi-riit.t,ed. 

3.4.4. Lemma. Siipyose tJ1a.t f: G 4 11 is a coritinuous Iionior>ioi-i,l~isin, S C G? 
f (S)  = ,Si and the restriction j l s :  S - S1 is nfie-to-one. ’J’lien: 

(a) if Si is discrete tlien S is discrete; 
(b)  i fS1  is closed arid discrete i i i  H then S is closed a.nd discrete ir i  G. 

3.4.5. Theorem. Let N be a closed iiomial subgroiip of topological groiip C: siicli 
that H = G / N  E S,. i’Jieri: 

(a) if N E S then G E S; 
(b) if N E S, theri G E S,. 

Proof. Let S1 5 H \ { 1 ~ )  be a closed discrete subset of Zi such that (Si) is tierise 
in H. Choose a subset S of G siicli that, f ( S )  = Si a.nd fls is one-to-one. ‘I‘lieii S 
is closed discrete in G by Lerrirna 3.4.4 arid it, is clear that. S í l  N = 0. 

(a) Assume that AT E S and let S2 be a suitable set for N .  ‘Then S, = S ü Sz 
satisfies becaiise S and N are closed in G. In addition, by 
the choice of Sa we have S2 c S2 U { lc}. This proves that $ c S3 U { ic}. Siiice 
both S and Sl are discrete and the set S2 C N __ is disjoint from S, we conclude 
that S3 is discrete. Finally, the subgroup L = (S3) of G c.ontains N, arid hence 
f ( L )  is closed in H where f :  G + I1 is the qiiotietit lioniomorpiiisi~i. Since j ( L )  
contains the dense subgroup (SI) of If, we cniiclude that, f ( L )  = H. Therefore, 
L = f - ’ f ( L )  = G. 

(b) Assume that N E S, and let Sz (2 Ii be R <:loscd diacrrte siihct, witiicssitig 

-N 
= 3 ü = S ü S2 

-N 

-N 

If E S,. Aigiie ttg ~ ~ L J O V C  ttiid iiülc t l i d  111~ SOI, 5’3 is C I U C C ~  h i  Llih CWC:. IJ 



3.4.6. R e m a r k .  Using the argiinierit of 'i'litwrei11 3.4.5, o i ~ e  can prove tliat. GIN E 
S,, in conjunction wi th  Ii E S, (resp., I1 E SCg) yiclds CI E Sg (rcsp., G E S,-,). 

Now we present atiothw coriditim to ensure the posit ¡ve answer to ProhIcqr1 
3.4.3(a). We shall say that a tiortioitiorpliisni f : G - I? has R c l o s ~ d  se~tzot )  if 
tlicre exists a closed subset X 5 C: siicli that, the restrictiori of f to X is injcrtive 
and f(x) = I!, i.e., there exists a (riot necessarily coiitiriiioiis) section s: I? -+ C? 
such that X = s(H) is closed i r i  G. 

3.4.7. Lemma.  Let f: G -+ GIN be a quotierit Iioniorr~orybisrii with a c-loscd 
section arid IV E S. 17ieri G/N E S iinplies G E S. 

Proof. Assume that SI is a siiitable sct for I! = G / N  siicli that ll, $ SI. Fix 
a closed section a: N -t G for f. \VitIiout loss of generality one can assume that 
1~ E a ( H )  (otlierwise choose a E a(Il)fh'V arid defiiie a closed section u*: II -4 G by 
~ ' ( y )  = a-'.a(y) for every y E 13). Choclse asulxet, S 2 a(Il)  siicli that f ( S )  = SI. 
?'lie set S is discrete by Lemnia 3.4.4. I t  is clear tlist 3 C a ( H )  n f - ' ( S ) .  Since 
Si S1 U ( 1 ~ )  and f(o(f{) is one-to-orip, we have 3 c SU { 1 ~ ) .  Fix a siiitable set. 
S' for N with lc 4 S'. Then Sz = SU S' is suitable for G. Iiideed, 2 S2 ü { 1 ~ )  
and Sz is discrete because lc 4 S2 arid the sets S and S' are discrete, disjoint, arid 
S S U { lc}, C S' U {lc}. Filially, the groiip L = (sa) coritaiiis N ,  so t h t  
f(L) is a closed sii1,gioup of G / N .  As i i i  the proof of  ' i l i~oreii i  3.4.5, this yields 

[J 

- 

- 

f( L )  = G / N ,  and hence L = G. 

3.4.8. Corollary. S is closed wider the semidirect product operatiori. 

3.4.9. Corollary. If G is a coiiriected pscuciocompact groiip and N E S (resp 
N E S,) is a closed i~ormal Gg-subgroup of  C:, theii G E S (resp. G E Sc). 

Proof. By 'I'lieorem 3.2 of [CRn], GIN is a compact coniiected nietrizable group, 
n whence GIN E 3 C S,. Now Tlieoreiti 31.4.5 applies. 

Note that a compact group be1origii:ig to Sg is finite by Proposition 2.2 (c), so 
that one can trivially extend the above corollary to the c1;mes S, and Scg. 

4. Minimal  groups wi th  su i t ab le  sets 

4.1. Total ly  niiriirnal groups 

Here we show that the totally niiriiriirtl groiips almost always have suitable sets 
(see Problem 4.1.6 below). Let us note that tdal niinirnality is the only exani- 
ple, apart from local compactness, of a compact-like property that niay entail the 
existence of suitable sets: none of the compact-like properties considered so far (u- 
boundedriess, completeness, being Lindeloff, u-conipactness) iinplies the existeiice 
of a suitable set. 
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4.1.1. Lemina. Let f :  G -+ GI be a, contiriiioris siirjectiw I i r ~ i ~ i c > i ~ i ~ r ~ ) h i s r ~ i  of coin- 
pact g-roups, 111 a ríeiise siilgroirp of ( 7 1 .  I'iicri t.hc srihgr-oiip I] = f - ! ( !II ) o f  G is 
dense arid: 
(a) HI % Zi/ ker f ;  
( i i )  H is totally niiriinisl i f  H i  is totdly niiriitrial; 
(c) H is minimal i f  HI is miriimal; 
(d)  H is cotrritabi-y coiiipact if 111 is coriiitddy coiiipact; 
(e) Zi is u-bounded i f  fil is u-boiinded; 
(f) 111 E S (resp., 111 E S,, Sg, Scg) if fJ E S (resp., H E S,, Sg, SCg). 

Proof. The density of H arid (a) are obvioiis, while (b) -(d) are well kiiowri (for 
instance, (b) and (e) are proved in [DS, Leniina 2.11, (c) can be foiitid iii [D2] atid 
(d) is proved in [CRn]). For (f), one can apply Corollary 3.4.2 along with the fact 

4.1.2.  Lemma. I f  If is a dense totally ~ii¡niiiia.l siibgi-orip of a prodirct K = ni,, h' i  

of metrizabíe groups Ki, then If E S. 

Proof. For each i E I, identify f,tie factor It-i with tlie siitigrniip Ki x { 1 f \ ( i ) }  

of K .  By the total minimality crit.erion [DI'] (see also [DFS, Theorern 4.3.3])* for 
every i E I the subgroup Li = Ki n I1 is dense in Ki. Sirice each Ki is rridrizat)le, 
Corollary 3.8 of [DTI'] implies that for every i E I, Ki contains a suitahle set Si 
with S. 2 -  c Li. It is clear that @iE.iLi is dense in ni,, Ci, so that @ t E ~ J J i  is tiwise 

o 
Our study of tota.lly rriinirnnl groiips depends on the following fact wliicli is 

íniportarit ir1 itself. 111 t,he Abelian case, the sariie result was earliei- establish~d by 
Hoffman and Morris [EIM, Leniiria 1.61. 

4.1.3. Theorem. Let G be a corriyact topological group tvliich is either- Abelian or 
coiitiected. Then G is a quotient group 'of a Cartesian product ni,, I(; of corripact 
metrizable groiips. IJI addition, i f  G is Abelian (connected), then the factors I<i can 
be chosen Abeliari (coniiected). If G is .Abelian and totally disconnected, then the 
factors ICi can also be clioscii Aheliaii a id  totally discoriiiected. 

Proof. (1) First, suppose tliat G is Albelian. Ta.ke the discrete PotiCrya.giri dtial 
group X for G and its divisible Iiull D ( X )  (see Tlieorern 4.1.6 of [Rol). ? ' h i  

D ( X )  = @iEIDi where each Di is a coiintable divisible gioiip isoiriorpiiic to Q or 
Z(p") for a prime p. Dualizing the inclusion homomorphism X - D ( X ) ,  we get. 
the desired continuous surjective homoniorpliisrn f : ni,, Ki -f G, where Ki is t,he 
compact Pontryagiti dual group for Di. Note that if G is connected then ,Y and 
D ( X )  are torsion-free [HR, 'Itieorein 24.251, so that, each Di is isomorphic t.0 Q. 
'l'herefore, the dual Ki for Di is connect.ed for all i E I .  

If G is totally disconnected t.lien ,Y is a torsion group [HR, 'Theorem 24.261, 
so that D ( X )  i s  also a torsion groiip. This implies that each summand Di is 

that kerf is compact. 17 

in  H. Thus, H E S by Lemma 3.2.2 (a). 
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isomorphic to Z(pw) for a pi iine p, arid 11encr t tic coinpact (iiial groiip f<* íot U ,  1s 
zero-dimensional [ IIIt, ‘I’heoreiii 24 211. 

(2) Now let G be an arbitrary compact, coriiiect,ed groiip. By a tticorcrri of 
Varopoiilos [VI, G is a qiiotietit of A x L ,  wlicre A is the connected cotriporimt of 
the center Z(G) of G and I; is a prodiic-t of cottipact. corincscted Lie groups B y  ( l ) ,  
we can represent t,he conipact cot\t\cct,ed AbCiiai i  groiip A as a qiiotierit, of x prodiirt n IC, of compact, conricctt-~l, rridri7ahIe Abeliari groups h;. Now 1, x [ I , , ,  ICj I €  J 
works. I_] 

Note that ‘l’lieorein 4.1.3 initnediat.ely iiiiplies tliat mmpac t  Atielian groiips 
and compact. connected groups are dyadic. 

4.1.4. Theorem. Every totall.y r i i i r i i i i i a  I A IwIiaii gi.oiip Jias a sriilable set. 

Proof. Let G be a totally mininial Abelian groiip. Then the completion e of G is 
a conipact Abelian groiip by Proclanov’s preconipact ness theorem [PI. By ‘l’lieoiem 
4.1.3, there exists a continiioiis siitjcrtivc hoiiiotnoi pliisrii f :  IC -+ (r, whme fc nrEI K ,  and every I(, is a compact inet,riza\)le gioiip. According t,o Lerriiiia 4.1.1 , 
H = f - ’ (G) is a dense totally niiiiiirial sribgroiip of I( arid Zi/N Z G, wlicre N is 
the kernel of f. From Leixima 4 1.2 it, Ivllows that IZ E S. Now 1,crriiria 4.1.1 (f) 

h 

completes the proof. n 
The followirig theormi shows t l iat tlie class S cotit airis all tot ally i n i r i i r t i a i  

coririeclcri p~ ecorxipact groups. 

4.1.5. Theorem. Every total1.y ruinirnsl coimecfd precorripact gi-oiip G Iirzs a 
suitable set. 

Proof. Since tlie completion G of G is i i  compact, connected groiip, we caIi h i d  a 
continuous surjective IioIriomorpliisrri f :  [IlE, IC, - G. where every K ,  is a coin- 
pact ni~tr jzable  group. It. remains t,o allply the scheme o f  the above proof Ixised 
esseritially on Lemma 4.1.1 to obtain G C; S. 11 

h 

h 

4.1.6. Problem. Does S coiií,a.iu all totally iiiiiiiniail grocips? What about prc(-orrI- 
pact totally miiiimal groups ? 

It is worth mentioning that most of the knowii 1,otally mininial non-piecoinpact 
(hence, non-Abelian) groups ate eil,lier lccally coinpact or procliicts of locally coin- 
pact groups (see [D2, 53.11, or [DI’S, Chap. 7 ] ) ,  and 1icnc-t- belong to S by o i i r  

Corollaiy 3 2 3 arid Theorem 1.12 of [ZIM] (see Tlieorerri O 2 (a)). 
We finish with another example of a riori-piecompac t. totally minimal gi oup 

supporting the positive answer to Froblem 4.1.6. 

4.1.7. Example. Let X be ail ii~finite set and G = S(-Y) the syrnmeti-ic groiip 
eqrripped with the tnpoiogy of poiiitwise convergence. ? ’ ! i m  G E S,. 
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Proof. Choose a poirit 50 E X arid define iv = { j  E G . j ( z 0 )  = s o }  ‘ I ‘ i lPt l  N 
is an open subgroiip of C ,  G / N  is disrtlpt,e aiid IG/Nl = IXI ‘I’tierefotc, b(G) = 
IXI’ > d(G)  = IXl, so that, ‘ilicorerii 5 7 of [C ‘1’1 (we l ’ h w r w i i  O 3 ( I ) ) )  api)lics rJ 

The totally riiitiimality of tiw gi o i i p  S( A’) was est abli~licd by Diwolf arid Sctiwa- 
riengel [DiS w]. 

4.2. Minimal groups 

Exairiple 4.2.3 below shows that a iiiinirrial couiitably compact Abelian groiip 
need not have a suitable set. However, coiincckdiicss hc11)s as the following result 
shows. 

4.2.1. Theorern. Every i r ~ i r i i i ~ i a l  coiirilnbly coiiipc*t coiinccteti Abe i im g - i - ~ ~ p  C: 
lias a suitable set. 

Proof. ‘I‘he completion G of G is a qiiotieiit of a power of the coinpact, conriwtecí 
metrizable group I( = Hom(Q,T), say IC’ (see ‘i’lieorern 4.1.3). According to t.tie 
scheme descrilied i n  the proof of l’heoretii 4.1.4, it, sufficcc t,o assime that G is a 
deiise iriiniinal countably compact (1iece:isa.rily coiinected) cuhgroiip of IC’. ‘l’heii 
one can show (as in [D3]) that, there exists a finite subset. 11 of I siic:li t,liat. t . 1 ~  
group G contains tlie C-prodiicí, of ttie groups ICi = K ,  with  i E I \ A. Deíiiie 
K1 = K ’ i A  x {OA} arid GI = G n Ir‘*. Sirice K E S, Coidlary 3.2.3 ittiplies khat. 
GI E S. On tlie other hand, GI is a closed Ga-siibgr-ciup of the connected co~iiit.ably 
compact groiip G, so that we can apply Corollary 3.4.9 t.o coiiclritle t1ia.t G E S. 11 

We conjecture that “Abelian” can h’e eliminated from ‘I’heorerii 4.2.1. O n  the 
otlier h a d ,  the topological assumptioiis can be weakened as follows: cver-y co?rri.eicted 
Abelian group that contaiits a dense ntinimal countably compact group has a sult.able 
set. Note that every group t.hat c.oiitains a dense mininial subgroup is iiiiniina.1, brit, 
tlie counterpart for count,able compactness docs not hold true in geiieral. Hence 
this provides a larger class of groiips (the arialogoils property in the category of 
topological spaces is known as strong psc~udoconr~~actness) . 

4.2.2. Theorem. Let G be a couritatdy c~miyítct iriiiiirnni Abelian grouj). ?’lien 
both c(G) arid G/c(G) are niiniinal arid c(G) E S. If C: E S, then also G/c(G) E S. 

Proof. As a closed subgroup of G tlie siiligroiip c(G) is i i i i t i i r t i d  ([UPS, Ikq)osit,ioti 
2.5.71). Now Tlieorein 4.2.1 iiiiplies c ( G )  E S. Since tlie group G is coiiiit,ablv 
compact, c(G) coincides wit.ti tlie qiiasicoiriponent of G and tlie quotient G/c(G) is 
zero-diniensional ([Dl, Theorem 1.21). Now the niiiiima.li1.y of G implies t,hat also 
G/c(G) is minimal ([Dl, Theorem 1.71). ‘The last assertioii follows from Corollary 
2.3. c1 

Let us note that the above theorern siettles one of tlie direc,tions in the reduct.ion 
of tlie study of the countably compa.ct miiiinial Abelian groups i n  S to case of totally 
disconnected ones. In the opposite dired.ion one has to be able to concliide that if  

h 
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G/c(G) E S (and c(G) E S, granted h y  ‘1’iiec)rcrti 4 2.1) t l i w  G E S. I’o this p i i d  

one needs the positive a~iswer of ProGlcIii 3.4.3 (1)) (at least in the c a e  of a miripact 
subgroups, since c(G) is coinpact for a coiiiitably rottipac1. ir i i t i i r r ia l  Ahdiari gioiip 
G whenever IC( G) I is rrieasiiraiile [ 1131). 

4.2.3. Exarnp le. ?‘liere exists a to tally discoriri ec. t PC! w - bo I J  II detl (a 1 1  d lieiic-e c( ) 1 i r  it,- 
ably coinpact) miiiirnal Abelian gioiip wii:hout siiitai)le sets. 

Proof. Let G be the u-boiintied derisc stibgrctiip of  Z(2)‘ wi th  (I 6 S cniistiiicttcl 
in Theorem 2.12 of [D‘lI‘]. ’i’lie group G‘ is not minimal (sirice a rtiiiiinial group 
of exponent 2 must be compact, cf. [DE’S, Exatnple 2.5.3 (I))!). ln order to get a 
riiinirnal group we consider a surjective cont,iriiious liomoniol phisrri f : I C  - Z(2)‘ 
where I< is a totally discoiinecterl coinpact, Alwlian group. Then by Leinnia 4.1.1 
(e), ( f )  the subgroiip Ii = f - ’ ( G )  of IC is u-boiinded arid If $! S. In additioii, If 
is totally disconnected as a siibgrotip of IC. ‘1’0 ensure miiiiiiiality of If one lias to 
take f in such a way that every closed timi-trivial subgroup of I< iiieets kei f (cf. 
[DPS, Theorein 2.5.11). ‘l’here are inariy choices of such an f: ( i )  I< = I?(,)‘ atid J 
is tlie honiomorphisiri “multiplication by L”, ( i i )  IC  = Ji aiicl kerf 
case (i) H lias exponent 4, in tlie case ( i i )  11 is torsion-free. 

5. Suitable sets in Bohr topology 

The Bohr topul03y of a topological group G is t.lie t,opology of G‘ rirliiced by t l i e  
Bolir c.oinpact,ificat.ioii rc: G - bG. Iii general, t.lie ho~iio~rioi.phisrn rG nced r i o t .  be 
injective. For a locally coiripact Abelian group G the hoinoniorpliisiri rc is irijective 
and we denote by G+  the group G equipped with the Bohr topology. Ir1 the special 
case when G is an Abelian group with the discrete topcilogy, we follow van Doiiwen 
[vD2] and write G# in place of G+. An eqiiivalent description of G+ is ac follows: 
Gf is the group G equipped with tlie initial topology with respect t o  all cod.iri,irou.s 
homoniorpliisms of G to T. Every lioinomorphísrn f : G# --t H #  is coritiriiioiis. 
More generally, i f  G, H are locidly c.ornpact Abe1ia.n groiips and f : G - If is 
a continuous hoirioiriorpliisrn, then also f : G+ --+ li+ is continuous. In otlier 
words, i- is a functor from the category of locally compact Abelian groiips t.o the 
category of preconipact abelian groups. Acttially, + is a reflector defined o11 the 
larger class of mnzirnally almost peíiodic gr-oups, namely ail groups G siicti that, t.he 
honioinorphism rG is injective, with valiies iri the category all precornpact. gr-oiips. 
For the restricted purposes of our expositioii we prefer to apply this fiinct.or only 
to locally compact Abelian groups arid we give in tlie tlitmeni below soine iiseful 
properties of the group G# arid the fiiiictorc + arid # (the only case wheii local 
coiripactriess niay fail will be the part of iterti (d) regarding infinite products). 

5.1. Theorem. (a) x(G#) = w(G#) = 21cl, d(G#)  = [GI, $(G#) = log IC( a.nd 
b(G#) = w for every i i i f i~iite  Abelian group G. 

(ó) The groiips G arid G+ have tlie same coriipact sets. Herice tlie oiiiy conipact 
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subsets of G# are the finite oiies. In par ticiiiar, G# has  r i o  mriveigcrit s~cpi~ricec; 
beyorid the trivial O I I ~ S .  

(c) ?'lie functor + "respects" (iii the spirit o f  (1))) other. coiiil)actiicss-likc. p i  op- 
erties: pseridocoiripa~tii~~~s, renlcor~ipacl rims, LiiitIclOR p i  npcrl y, etc. Tliei cfor c ,  f o r  
an infinite groiip G, G# is never pseudocompact. 

(d) The ftirictor + preserves topological sribgroiips, q1iot imts and direct prod- 
ucts. 

(e) All subgroups of G# ale closd. 
(f) If S is ari indeperideiit sribset of G then S is c,losed arid discrete i r i  G#. 
(g) G# contaiiis a closed disci-ek subset of size [GI. 

Proof. (a) The first two eqiialities follow from tlie well kriowii equalit,ies \(bG) = 
w(bG) = 21cl. The eqtiality d(C#)  = I<>/ fcdlows from (11) (wliose proof does not 
depend on (a)- (g)). The equality b(G'#) = w sirriply says that G# is precorripact. 

'Io prove the eqiiality $(G#) = log IGl siipposc that  G is iiricoiiiitable (otiier- 
wise the equality is trivially satisfied). Note that $(C#) coiiicides with the r r i i i i i i r i i i t r i  

number 111 of ~ioiriornorp~iisnis f t  : G -+ 'F, i E I, that separate t he  points of G. For 
every point separating family { fl} ,E,, t lie diagonal product, AIE, fl is an iiijcc-t ive 
liornoiriorphisin of G to a', whi<.li gives Llie iiieqiiality ]GI 5 IT'I = 21'1 <711(1, cotise- 
queritly, 111 2 log IC]. On the oí tier liarid, since If is divisit)le and coiitxiiis a copy 
of every finite cyclic group, every Abelian group G is a siitigioup of sonle power T', 
wliere I lias to be taken so that the obvious ineqiialities r(G) 5 r ( I f ' )  = 21rl and 
rp(G) 5 rp(ñ') = 21'1 be satisfied (heie T- is the free-rank aiid rP is the p-rmik).  
Since IC1 = ixiax{r(G),siipp{rP(G)}} gives ]GI 5 21'1, oric cat1 clioosc I witli tliv 
oiily rcstrniiit 111 2 log [GI. 'l'liis j)rov(\s +(G''f) = log ICI. 

(b) See Glicksberg's article [Gl]. 
(c) Ail these facts are provcd by Trigos-hrrieta [Ti-]. 
(d) Let Ii be a closed siihgroiip of a lorally compact Abelian group G. We have 

to prove that the subgroup ZI I- is a topological subgroup of G+.  The continuity of 
the inclusion L : Hf -t Gf follows from the functoriality of +. To see that L is ai1 

embedding recall that  every continiioiis character H -t T extends to a continuous 
character G -3 T ([HR, 24.121). 

Now we show that (G/H)t = G + / í f + ,  where the lattcr group is equipped with 
the quotient topology. The continuity of the quotierit homomorphism f : G+ -+ 

(G/H)+ and the identity (G/Zi)+ --$ G f / H f  follows froin the functoriality of +. 
The continuity of the identity G+/II+ + ( G / H ) +  follons from the continuity of 
the quotient homomorphism f and tlie universal property of the quotient topology. 
The proves the preservation of quotients under +. 

Let G, H be locally conipact Abelian groups. I'lie continuity of the identity 
map (G x H)' + Gt x Hf follows easily from tlie functoriality of +. Again by 
functoriality of +, both inclusions i: G+ c+ (G x If)+ and 3 :  Ii+ c-1 (G x H ) +  are 
continuous. Since the product topology of G+ x H+ has the universal property 
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with resyict, ho the !rioIinriiorI)hisiris i aiicl j ([üPS. Exercise '2.10.4 ( i ) ] ) -  it, í(,ilows 
that tlie ilieiitity G+  x Ii" -+ (G x I f )  ' iii cont,iriiimis. Tliis prows t,lie i)rewrvxt.ioii 
of finite direct, prociuct,s iiiider '. The  case of arbitr-ary direct, prot~iiicts iria,y Icad 
out, of the category of locally coinpart gi-oups. Nevd.tidess, the preservatioii is 
s t i l l  available since I3olir cottipact,ific.atf.iori coriiniiit,es with xl)it,rary direct, pro(1iict.s 

(e) Let H be a subgroup of G. No1.e that. t,he hoirioinorphisiiis of G/Ii  1.0 T 
separate the points of G/I i .  Iii view of f.he propertits frorii (d) this yields t,liat. 11 
is a closed subgroup of G# . 

( W V I ) .  

( f )  aiid (a)  are proved iii Leniriia 1.4 and Proposition 2.5 of [ H v M ~ ] .  

We will also use tlie following siiiiplc fact. 

(il) G# E S iff@ E Sg; 

(iii) if (G, T) E S, tlieri G# E Ss; 

5.2. Proposition. Let G be an Abelian gr-oiip. Then: 

For an arbitrary precorripxt group topology T for G, we iiítve: 
( i2)  G# E: S, iff G# E Scq. 

(li2) if (G, T) E S,, ~ I W J J  Gtt E Scq. 

Proof. ( i i )  arid ( i 2 )  follow iiriinediately from I'tieoreiii 5.1 ( e ) .  For ( i i l )  arid ( i i z ) ,  
note that tlie identity map G# -+ (G) 7) is coiit,iniious as G" is the group G equipped 
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5.3. Lemma. Let G be a direct s i m  of cowitable Abeiiari gr-oups. ?'fieri G# E S,. 

Proof. Let {Gi : i E I} be a family of coiiiitalde subgroups of an  Abelian gi-oiip 
G such that G = @iEIGi. By Tfieoi-ern 2.2 o f  [C.-?.], every Gff is in Scg. 'illen, 
by Corollary 3.2.4, the group G = @iEIG'T qu ipped  with the Tikhonov topology 
7 wit11 respect to tiie sunimancls ~ f c  is in S, as well. Since tlie t,opoiog,y T is 
precoinpact, we can apply Propositpion S.2 to  cnricludc that G# E S,. E1 

We give now an i~iiniediate corollary to Lenima 5.3 though we shall prove later 

with tlie finest preconipact group topology. Now Leniiiia 3.1.1 applies. 

a stronger result (for (a) and (c) see Lerrinia 5.S) for (b) see Lemma 5.6). 

5.4. Corollary. G# E S, rvliencvei. í i r i  Abelian groiip G satisfies one of the follow- 
ing conditions: 

(a) G is algebraically free; 
(b)  G is divisible; 
(c) G is a direct suni of cyclic groiips. 

Our positive results about G# siicw that the lack o f  noti-trivial convergent, 
sequences need not always imply the lack of a suitable set (cf. Exaniple 2.12). One 
of the reasons is that the group G# is never cc,iiiital>ly compact for an iiifinite groiip 
G (by Theorem 5.1 (c)). 

It is known that the group J, of padic iritegers i s  intlecorriposoble. Moreover, 
the coriipact group J, i s  monothetic, arid hence J, E .F C S,. However, J, # S, 
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by Proposition 2.2 (c), so that Corollary 5.4 ( - a ~ i i i o t  b e  ai)pliwl to riecide W ~ I P I  l icr  
Jf E S. However, we shall see M o w  that JP# E Srg. 

property G# E S,, holds. 

5.5. Lemma. G# E S,, fioids wiieii G is a direct SIIIII  of cyclic gi-oirps. 

Proof. By oiu' hypothesis G is gmwatecl 1)y ai1 iiitleperiderit set S and by (f) of 
cl 

Let us show that if G is a direct, si1111 of cyclic Abelian groiips t,lieri the stronger 

Theorem 5.1 the set S is closed and discret,e. Tliiis, G# E Scq. 

5.6. Lemma. G# E S,, hold for evciy divisihie Abelian group. 

Proof. Let G be a divisible abelian groiip. If 111 5 No, the concliisioii follows 
from Theoreni 2.2 of [C-'i'], so that we xwimc  that  111 > No. Then one call easily 
see from the structure theorem of divisible Abeliazii g~oiips t,liat G 2 I1 x L) x L), 
where íi is a countable Abelian groiip and I) is an  irifiiiitx. Aldiaii  group (cf. [no, 
4.1.51, note that both H arid 13 are also divisible as direct surriiiiatids o f  G hiit, 
this is irrelevant for our proof). By Tlieorciii 2.2 of [C TI1 If# i s  in  S,,. On the 
other hand, by Theorem 5.1 (g), the groiip ¡I# (:oritairis a closed discrete sui)sct. of 
size 101. Now Lemma 2.4(b) yields that Is)# x D# E Scq. By Proposition 3 2.5, 
If# x D# x D# E SCg. It remains to apply ?'lieorein 5.1 (d) to coiiclude that 

E! G# % If# x D# x D# E SCg. 

5.7. Theorem. G# E S,, for every Ahei'iari gi-oiip CÍ. 

Proof. Let, G be a torsion Abelian groiip. TIieii there exists a subgroiip 11T of 
G which is a direct sutn of cyclic suhgroiips siich that tiic quotient group G / l i  is 
divisible (see Theorem 2.3.4 of [Rol). Now Lemma 5.6 gives ( G / H ) #  E Scgl while 
Leniiria 5.5 implies If# E Scg.  By Theorein 3.4.5 we coiicliide that G# E S,. €Ience 
G# E S,, by Proposition 5.2 ( i 2 ) .  

Let G now be an arhzfinry Abelian group. Fix a free subgroiip F of G such that 
G / F  is a torsion group. By the above argument, (GI&')# E S,,, while F# E Scg 
by Lemma 5.5. Finally, Retnaxk 3.4.6 implies that  G# E SCq. o 

Let us observe that this theorem gives a class of groups in S,, quite far from 
those in S, provided by Theorem 0.3 (11) since now d(G#) = ]GI am1 b(G#) = w by 
Theorem 5.1 (a), while 'Theorern 0.3 (1)) applies to groups G with d(G) < b(G). 

The next theorem generalizes Theortern. 5.7. Let. LIS recall that every locally 
compact Abelian group has tlie forin G =: Iw" x If, where If has an open coinpact 
subgroup IC. While the vector subgroiip R" is uriiqiiely deteriiiined, the ciirect. 
summand H is not. We shall refer to K to maximal conipact siibgroup of G, 
since for every compact subgroup L. of G the sum I( + L is cornpact, and tlie iridex 
[ ( K  + L) : K ]  is finite. 
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5.8. Theorem. G t  E S for evciy iord1-v t-<)nipa i; ,4hrlian g i o i i p  G. AfoiPot - r r ,  

i f  G has a niaxinial compact ~ r i I > g i ~ i i p  that adrriits a rlosvi’ sriitable set, t i i ~ i i  also 

Proof. Let G = iw“ x H, where I1 has an open coinpact stibgroiip K.  Corisitler the 
open subgroup GL = R” x I< of G. Sincin R“ has a dense 71 t 1 generated vil)groiip 
([Chí, Proposition 2 3]) ,  we conclude ttiat, (IRn)+ E S, Now G: = (IRr1.)+ x I( by 
(d), hence Corollary 3.2.4 yields G‘f E S itq I( E S (by ‘í‘hwrmi 0.2). Morwver, by 
Theorem 3.1.2 G l  E S, when K E S,. 

Observe that by ‘I’t~wre~ii  5.1 (d) the quotieiit Gt /G1 tias tlie same t,opology 
as (G/G1)t and the indiired from G t  tnpology on GI coincides wihh that, of G: 
Since tlie subgroup G1 is open, (G/C:l)’ = (G/Gl)# Hence by ‘I’heo~eiri 5 7, the 
qiiotierit G t / G t  = (G/Gi)#  has a closed suitable set. Now by ‘í‘tieoretri 3 4 5 ,  
applied to G+ and Gf  we conclude tfliat G c  E S. Thv same theorem per Inits 
to conclude that G +  E S wlienever IT E S, sirice this was showri above to yidd 

I t  is easy to see that. if snrne riiaxiiiial coiripact subgroup of a locally cornpact 
Abelian groiip G lias a closed suitable set, tlicn all niaxitiial closeci siihgroiips of 
G have that, property. In part icular, this applies to cliscrette Abelian groups, lierice 
Theorem 5.8 is indeed a strengt,hetiiiig o f  ‘iYieormi 5.7. 

5.9. Corollary. Let G be a direct product of locali.y compact Abelian gimiys 
Tiieii Gf i ias a suitable set. 

u 

Gt E S,. 

G r  E S,. u 

Proof. Follows from Theorem 5.1 (d) aiid ‘i’lieoretri 5.8. 

We are left with the followiiig qiiestiotis. 

5.10. Question. (a) Let G be a 1ocai’l.v compact Abelian group. Does G E S, 
always imply Gf E S,? 

(b) Does every topological A beiinn g i  oiip f hat satisfy Pontrjcigin duality adiriit 
a suitable set? 

The motivation for (a) is the gmeral fa(% that many properties o f  G ñie pie- 
served under the passage to G +  (see ‘i’lworetti 5.1, (b),  (.)). Having a suitable set. 
is such an example, according to ‘rileoreiris 0.2 aiid 5.8. A positive evidence siip- 
porting the counterpart for closed siiitable set (i.e., qiiestion (a)) is the second part. 
of Tiieoreni 5.8 and the fact that a locally conipacto Abelian groiip G as described 
there admits a closed suitable set (altlioiigli there ale niaiiy locally compact, Abelian 
groups G E S, that do not satisfy that pr(>pwty, according to Proposition 2.8). As 
a last fact supporting (a) we mention that we do not see any exaniples of locaiiy 
compact Abelian groups G violating G-’ E Sc except. in the extreinc case G = Gt 
coni pac t. 

Part (b) of Question 5.10 is motivated by Corollary 5.!1 since direct product,s of 
locally compact Abelian groups satisfy r’ontrryagin duality ([Ka]). Closed siibgroiips 
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of couIit,able products of locally coiiipact. A1wliari groiips satisfy i’orit,ryagiri tliidity 
as well [NI. A wealth of rriaterial upon wliicli tliis qiicstion could he testled is provicled 
by the important nioiiograph [B]. 

Acknowledgements.  We thank tlie rcferw for providing us an import atit, refer- 
ence. 

I ‘  

Note added February  2 ,  1998: The first, pait of Theorem 5.8 was provecl in- 
dependently also by Torriita and Trigos [‘1”1‘]. Recently Trigos a.nd the first, iiameci 
author answered Question 5.10: part, (a) positively aiid part (11) riegat,ively. ‘ I l w  
proofs will appear in a fortlico~riirig payer. 
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