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Abstract. A discrele subset S of a topological group G with identity 1 is called suitable for 7 il &
generates a dense subgroup of G and SU{1} is closed in G. We study various algebraic and topological
conditions on a group G which imply the existence of a suitable set for G as well as the restraints
imposed by the existence of such a set. The classes &, Sy and S, of topological groups having a closed.
generating and a closed generating suitable set are considered. The problem of stability of these classes
under the product, direct sum operations and taking subgroups or quotients is investigated. We show
that (totally) minimal Abelian groups often have a suitable set. It is also proved that every Abelian
group endowed with the finest totally bounded group topelogy has a closed generating suitable set. More

generally, the Bohr topology of every locally compact Abelian group admits a suitable set.
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0. Introduction. It is a typical approach in the realm of topological groups to
impose some kind of finiteness condition on a group which involves somehow the
topology of the group. The simplest one is to ask the group to have a dense finitely
generated subgroup. Let us denote by F the class of these (topologically finitely
generated) groups. It is clear that all groups in F are separable. The groups in F
that have a dense cyclic subgroup are known also as monothetic groups, they are
necessarily Abelian. It is well known that a compact connected Abelian group G
is monothetic iff w(G) < ¢ (cf. [HR]). The following extension of this result was
obtained in [HM] (see also [CM, Theorein 3.2] for a recent advance in the locally
compact case):
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0.1. Theorem. A compact connected group G has a dense 2-generated subgroup

iff w(G) < c.

Out of the class of connected groups the coudition to be topologically finitely
generated turns out to be rather restrictive (even for compact Abelian groups) as
the following examples show. In particular, (¢) explains the role of “connected” in
Theorem Q.1.

(a) The group Q of rationals equipped with the usual interval topology does
not belong to F (for every finitely generated subgroup of Q is closed and discrete).

(b) A dense subgroup of a monothetic metrizable group need not be topolog-
ically finitely generated (a standard example is the torsion subgroup of the circle
group T).

(c) A compact totally disconnected group in F is metrizable (see Proposition
2.1).

The above examples (a)-(c) suggest the replacement of the rigid condition
of finiteness of the set S of topological generators of a group G by an appropriate
weaker one. It is easy to see that every dense subgroup G of a monothetic metrizable
group K has a dense subgroup generated by a closed discrete subset. Indeed,
take a sequence {r, : n € w} in G that converges to a topological generator a
of K that does not belong to G (if such an a is not available, then G itself is
monothetic). The set S = {z, : n € w} is as required. Obviously, this can be done
for a topologically finitely generated group K as well. This simple fact suggests to
consider the following two possible substitutes of finiteness of S. The first of them
was proposed by Tate (cf. [Do}) and studied later by Douady [Do}, Mel'nikov [M]
and Hofmann and Morris [HM], the second (as well as the first one) was considered
recently in [CMRST] (which will be abbreviated as [C-T]):

(i) S is discrete and S C SU {1},
(i1) S is closed and discrete in G.

Denote by S (resp. S;) the class of groups G having a subset S as in (i) (resp.
(i1)) with (S) = G. It turns out that very often the subset S of the group G has
the stronger property to generate G, instead of generating just a dense subgroup of
G. We denote by S; and S,4, respectively, the corresponding subclasses of S and
Se. A subset S of G as in (i) with (S) = G will be called suitable.

It is not surprising that the classes of compact and locally compact groups
groups were the first to be considered on the subject to have a suitable set. The

following fundamental result is due to Hofmann and Morris (see Theorem 1.12 of
[HM)):



0.2. Theorem. The class S contains all locally compact groups.

For totally disconnected compact groups this was proved earlier by Tate, cited
in [Do).
The existence of several wide classes of non locally compact topological groups

with suitable sets was recently established in [C-T}. In terms of the classes S, S, S.
and Sy we can summarize the results of {C-T] as follows.

0.3. Theorem. The class S, contains the following subclasses:

(a) all metrizable non-compact groups;

(b) all groups G with d(G) < b(G), i.e., b(G) = d(G)*;

(c) the free (Abelian) topological groups on separable Tikhonov spaces;
(d) non-compact separable groups of countable pscudocharacter.

Items (a), (b) and (c) of the above theorem follow respectively from Theorems
6.6, 5.7 and 5.1 of [C-T]. In its turn, item (d) follows from Theorems 5.14 and
6.3 of [C-1]. The definition of b(G) is given in Section 1. We just note here that
b(G) < Wy iff G is precompact, and b(G) < Xy iff G is Rg-bounded in the sense of
Guran [Gu].

The study of the class S is very far from being complete. 'The following result
is Theorem 2.2 of [C-T].

0.4. Theorem. S.4 contains all countable topological groups.

According to Theorem 6.3 of [C-T], topelogical groups of countable pseu-
docharacter have special features:

0.5. Theorem. For a non-compact gronp G of countable pseudocharacter, G € §
is equivalent to G € S; and G € Sy is equivalent to G € S,.4.

By Corollary 3.10 of [C-T}, the free Abelian topological group on fw; does not
have a suitable set. Since the free Abelian topological group on a compact space is
complete [Gr, Theorem 6], we obtain the following result:

0.6. Theorem. There exists a o-compact complete Abelian group G € S.

Note that every separable g-compact group has a suitable set by Corollary 3.9
of [DTT], so that the group G in the above theorem is necessarily non-separable.

Another generalization of compactness is countable compactness. By Theorem
3.15 of [C-T], under MA there exists a separable countably compact topological
group with no suitable set. The group in question is exactly the one constructed
by van Douwen [vD1] to show that countable compactness is not productive in the
class of topological groups. The basic properties of van Douwen’s group G are the
following: G is infinite, of order 2 and it does not contain non-trivial convergeunt
sequences. This gave rise to the problem as to whether there exists a ZFC example
of a pseudocompact topological group without suitable set (see Open Question 3 of
[C-T]). The positive answer to the problem was recently obtained in [DTT] in the
following strong form:



0.7. Theorem. There exists a countably compact topological group G ¢ S such
that every countable subset of G is contained in a compact subgroup of G.

In Section 2 we isolate several necessary conditions on a group G, primarily of
topological nature, for G € S or G € S, etc. The results of Section 2 will clarify the
difference between compact, countably compact and pseudocompact groups when
suitable sets are involved.

In Section 3 we study the behaviour of the classes S, S, S and S.4 under the
basic operations: cartesian products, direct sums, passing to subgroups and taking
quotients.

The existence of a suitable set for minimal and totally miniial groups is con-
sidered in Section 4. We show that all totally minimal Abelian groups as well as
totally minimal connected precotupact groups belong to S (see Theoremns 4.1.4 and
4.1.5). In Theorem 4.2.1 we establish that every minimal countably compact con-
nected Abelian group has a suitable set. Making use of the example found in [D'TT)
relevant to Theorem 0.7 we produce in Example 4.2.3 w-bounded (hence countably
compact) minimal Abelian groups that hiave no suitable set.

In Section 5 we study locally compact Abelian groups G endowed with their
Bohr topology G*. We prove that for every locally compact Abelian group G the
group G* has a suitable set (Theoremn 5.8). Moreover, for every Abelian group G,
the topological group G# ¢ Seq (i-e., G equipped with the maximal totally bounded
group topology has a closed generating suitable set, Theorer 5.7).

This paper is a logical continuation of a more topological investigation of groups
in § and S; done by the same group of authors [DTT]. Therefore, several results
presented here depend on the content of [D1'T]. For the reader’s convenience we
tried to reduce to minimum such crossreferences and supplied the paper with alinost
all necessary material.

1. Notation and Terminology

We denote by R, I, Q, Z and N, respectively the reals, the unit interval [0,1],
the rationals, the integers and natural numbers. The circle group R/Z is denoted by
T. The groups R and T are assumned to carry their usual additive group operations
and topology. We also use J,, to denote the (compact) group of p-adic integers.

Let G be a group. The neutral element of G is denoted by 1 or 1¢ in general,
or respectively by 0 or Og if G is Abelian. The minimal subgroup of G containing
a subset A C G is (A). The group G is divisible if for every g € G and n € N* the
equation z™ = g has a solution in G.

Topological groups are assumed to be Hausdorfl. We denote by G the two-sided
(Raikov) completion of G and by ¢(G) the connected component of 1 in G. A group
G is precompact (or, equivalently, totally bounded) if Gis compact, pseudocompact if
every continuous real-valued function on G is bounded, countably compact - if each
open countable cover of G admits a finite subcover. A group G is called w-bounded if

4



every countable subset of G is contained in a compact subgroup. Every w-bounded
group is countably compact, but not vice versa.

By b(G) we denote the minimal cardinal mmuber such that the group G can
be covered by less than b(G) translates of every neighborhood of identity in .
Therefore, a totally bounded group G is chaiacterized by (G) < w. Section 5 of
[C-T] contains more details on the properties of the cardinal function b and relations
between this function and the cellularity, deunsity, etc.

A topological group (G, 1) is called muinimal if 7 is a minimal element of the
partially ordered (with respect to inclusion) set of Hausdorff group topologies on
the group G; G is totally minimal if every Hausdorfl quotient of G is minimal.

The closure of a subset ¥ C X in X is denoted by clxY or simply el Y if there

is no ambiguity. When convenient, we also use Y oV for the same purpose.

Throughout the paper, we will use the notions of o- and X-products of topo-
logical groups. Let us describe them briefly. Let 1 be the identity of the cartesian
product I1 =[], 4 Ga of groups G, and for every x € 11, define supp (z) = {a €
A: 24 # 1,}. The o-product and E-product of the groups G, with the center a are
defined respectively as follows:

o(A) = {z € I1: |supp ()] < No}

and
Y(A) = {z el :]|supp(x)] < No}.

The subgroups 0 (A) and L(A) of IT are considered with the topology inherited {rom
I1. Both o(A) and ¥X(A) are dense subgroups of II. The subgroup g(A) of I is also
called the direct (or weak) sum of the groups G, o € A.

The cardinality of the continuum 2“ will be denoted by ¢. The notation for
cardinal functions is standard: w(X), nw(.X), d(X), x(X), ¥(X) and L{X) stand
for the weight, network weight, density, character, pseudocharacter and Lindelof
number of X respectively.

The abbreviations CH and MA are used for the Continuum Hypothesis and
Martin’s Axiom respectively. The symbaol { refers to a special set-theoretic axiom
concerning unbounded subsets of w;. It is well known that $ = CH = MA (see

(K])-
2. Some necessary conditions for Ge §

We begin with the study of countably compact topological groups that have a
(closed, generating) suitable set. The following auxiliary result describes the struc-
ture of totally disconnected countably compact groups with a finite suitable set. Let
F, be the free group of n generators and let 77;, be its pro-finite topology, namely
the topology that has as basic neighborhoods of 1 all normal subgroups of finite in-
dex. The completion F;, of the group (Fi,, 77in) is called the free profinite group of
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n generators. This name is justified by the fact that F, has the universal property
of extending continuous homomorphisms to profinite groups of n generators (see
the argument, in the proof of Proposition 2.1 below).

2.1. Proposition. (a) A totally disconnected countably compact group G is topo-
logically n-generated for some n € N* ifl it is a quotient of the free profinite group
F, of n generators. In particular, G is metrizable, hence compact.

(b) A countably compact group H € F is essentially counected: the group
H/c(H) is a quotient of F, for some n € N*. This yields that c(H) is a Gs-
subgroup of H and H/c(H) is metrizable.

Proof. (a) Let us first consider the case of a compact group G. Note that the
group (F,, 7sin) is metrizable because every finite-index subgroup of F,, is finitely
generated (by the Nielsen-Schreier theorein, see Theorem 6.1.1 of [Ro]). Thus, there
are only countably many such subgroups of F},, and hence E,, is metrizable as well.
Suppose that a totally disconnected compact group G is topologically n-generated.
Then G is profinite, so it is a quotient of I,. To see this, fix any n-generated
subgroup H of G and a surjective homomorphisin f: F,, — H. Then f is continuous
when F}, is endowed with 7y;,, so that f extends to a continuous homomorphism
f: E, — G which has to be surjective as f(fn) is compact and dense in G. By
compactness of ﬁn, the homomorphism j: is open, so that GG is a quotient of ﬁ,,.

If G is countably compact, then by a result of [D1], G is zero-dimensional.
Therefore, the completion G e J is a compact totally disconnected group. Since
the above argument yields that G is metrizable, we conclude that G = G.

(b) The quotient group G/¢(G) € F is countably compact aud totally discon-
nected, so that the conclusion follows from (a). 0

Let G be a topological group and 5 C G\ {1}. We call S a supersequence
converging to 1 in G (denoted by § — 1) if S is an infinite discrete subset of G and
S U {1} is compact (and hence homeomorphic to the one-point compactification of

S).

2.2. Proposition. Let G be a countably compact group. Then:

__(a) G € Siff G € F or there exists a supersequence S — 1 in G such that
(S) = G. Therefore, a countably compact group G € S which is not topologically
finitely generated (in particular, non-separable) must contain non-trivial convergent
sequences.

(b) Ge S il G e F. In such a case G/c(G) is compact metrizable. Conse-
quently, there are many compact (metrizable, totally disconnected) Abelian groups
that do not belong to S..

(c) G € Sq iff G is finite.

Proof. (a) If the group H is topologically generated by a finite set, there is nothing
to prove. Otherwise a suitable set S for G has to be infinite. One can assume that
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1 ¢ S. The complement S\ U is closed discrete in G for each open neighborhood (7
of 1 in G, so that countable compactness of G implies that S\U is finite. This means
that S is a supersequence converging to 1. The last assertion of (a) is obvious.

(b) The equivalence of G € S, and G € F for a countably compact group G is
immediate. The fact that G/c(G) is compact metrizable for a countably compact
group G € F follows from Proposition 2.1 (b).

(c) If S is a generating suitable set for GG, then K = SU {1} is compact. Since
(K) = G, we conclude that G is o-compact. Being countably compact, the group
G has to be compact and, therefore, has the Baire property. Note that K is either
finite or homeomorphic to the one-point compactification of the discrete space S, so
that in any event I is scattered. Since G = (K), the group G is a countable union
of continuous images of compact scattered spaces K™, n € N*. In other words, G
is a countable union of compact scattered subspaces. Therefore, one of them must
have a non-empty interior in G which in turn implies that G has an isolated point.
Thus, G is compact discrete and hence is finite. ]

2.3. Corollary. Let f:G — H be a continuous surjective homomorphism of count.-
ably compact groups. If G € § (G € S;), then H € S (resp., H € S,.).

Proof. Suppose that G € S. If G € F then obviously H € F. Otherwise, by
Proposition 2.2 (a), there exists a supersequence S in G converging to 1 such that
(S) is dense in G. Therefore, both sets S U {15} and f(S)U {1} are compact,
which implies that S’ = f(S)\ {111} is a supersequence in I converging to 1. It
is clear that (S’) is dense in I{, and hence H € S. (]

Let us note that neither Proposition 2.2 (c) nor Corollary 2.3 can be extended
to pseudocompact groups as Proposition 2.5 and Corollary 2.6 below show. We need
the following simple lemma that appeared in [D'I'T]. For the sake of completeness
we present its proof here.

2.4. Lemma. Let G be a topological group.

(a) If G contains a closed discrete subset A such that |A] > d(G), then G x G has
a closed suitable set or, equivalently, G x G € S,.

(b) If G contains a closed discrete subset A of size |G|, then G x G has a closed
generating suitable set, that is, G % G € S.,.

Proof. (a) Let A be a closed discrete subset of G, |A] > d(G). Choose a dense
subset D of G with |D| = d(G). Without loss of generality one can assume that the

identity 1 of G is not in A. Denote by ¢ any map of A onto D. We define a subset
S of G x G by

S=(Ax {INU{1} x AU {(z,9()): z € A} U{(p(z),z): z € A).

It is clear that S is closed discrete in G x G and the subgroup (S) of G x G generated
by S contains D x {1} and {1} x D, so that (S) is dense in G x G.
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(b) If A is a closed discrete subset of G and |A] = |G|, choose a bijection
¢: A — G and define a subset S of G x G as in (a). This S will be a closed discrete
generating set for G x G. (]

2.5. Proposition. There exist arbitrarily large pseudocompact Abelian groups in
the class S¢q-

Proof. For each infinite cardinal 7, there exists a psendocompact group G of
cardinality 27 which contains a closed discrete subset of the same cardinality 27.
This follows from the fact that every completely regular space X can be embedded as
a closed subspace into a pseudocompact group of cardinality not greater than |.X|“-c.
Indeed, a slight modification of the argument in [CSa, Theorem 2.4] shows that every
precompact Abelian group embeds as a closed subgroup to a pseudocompact Abelian
group salisfying the necessary cardinal restraint. In its twn, every T'ikhonov space
X is closed in the free Abelian topological group A(X, V) relative to the variety V of
precompact groups [Mo]. Thus, take a discrete space X of cardinality 27 and embed
A(X,V) as a closed subgroup to an appropriate pseudocompact Abelian group G of
size 27. Now, apply Lemma 2.4 (b) to conclude that the group G x G has a closed
generating set, and hence G x G € §.4. By Comfort and Ross’ theorem [CRs|, the
group G x G is pseudocompact. ]

The following result shows the difference between countably compact and pseu-
docompact groups with respect to taking quotients. Qur construction will depend
on the existence of a pseudocompact group K ¢ S which is not countably com-
pact (see Theorem 2.13 of [DTT]). We will also use the fact that a Z-product
Y(A) € [1aea Ka of pseudocompact topological groups K, is pseudocompact. In-
deed, the completion I?a of K, is a compact group for each o € A and one can
easily verify that ¥(A) intersects every non-emupty Gs-set in the compact group
[Taca (s, so that ¥(A) is a pseudocompact group by Theorem 1.2 of [('Rs].

2.6. Corollary. There exist a pseudocompact Abelian group G and a closed pseu-
docompact subgroup N of G such that G € S,y but G/N ¢ S.

Proof. Let K ¢ S be a pseudocompact non countably compact topological group
constructed in Theorem 2.12 of [DTT}. Then nw(K) < ¢, and hence | K| < 2¢. Since
K is not countably compact, the group /{ = K2 contains a closed copy of N2* and
by a result of [Ju], H also contains a closed discrete subset P of cardinality 2¢. Let.
¥ = ¥(2°) be the X-product of 2¢ many copies of the group K, ¥ C H. It is clear
that ¥ is a dense pseudocompact subgroup of H and |Z| = 2°. Denote L = (P) + X.
Then L contains a dense pseudocompact subgroup X, so that L itself is a dense
pseudocompact subgroup of H and |L| = 2°. Since L contains a closed discrete
subset P and |P| = |L| = 2%, Lemma 2.4 (b) implies that G = L x L € S.,. Note
that the group G is pseudocompact.

Let p: L x L — L be the projection. Denote by ¢ the projection of = G?
to the first factor, ¢(x) = zo. It is clear that kerp = L is pseudocompact. The
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kernel @ of the homomorphism ¥ = ¢|, is also pseudocompact because @ contains
a copy of the X-product X(2¢\ {0}) as a dense subgroup. Therefore, the kernel N
of the homomorphism ¢ = Y op: L x L — K is topologically isomorphic to @ x L
and hence is pseudocompact. Since both homomorphisms p and ¥ are open, we
conclude that ¢:G — K is also open, so that K = G/N. By the choice, K ¢ S,
that completes the proof. 0J

In Section 3 the reader will find a detailed discussion of the stability problems
for the classes S, S,, etc.

Not every o-compact topological group has a suitable set (see [C--T, Corollary
3.10] or Theorem 0.6). Let us establish certain conditions related with the existence
of a closed (generating) suitable set for a og-compact group.

2.7. Proposition. Let G be a o-compact group. Then:

(a) If G € S, then G is separable; conversely, if G is separable and non-compact
then G € S.

(b) G € S¢q iff G is countable.

Proof. (a) Let |J,c, Kn = G € S, with K, being compact sets. If § C G is a
closed suitable set for GG, then S N K, is closed discrete subset of the compact set
K,, and hence is finite for each n € w. This yields that S is countable. Suppose
now that G is separable and non-compact. Being o-compact, the group G is not
pseudocompact. Therefore, Corollary 3.9 of [DTT] implies that G € S,..

(b) Let G € 5.4 and suppose that & C G is a closed generated suitable set. for
G. Then S is countable according to (a). Since G = (S), we conclude that G is
countable as well. The converse follows from Theorem 2.2 of [C-T}. W

By Theorem 0.2 locally compact groups have suitable set. On the other hand,
by Theorem 0.3 (b) the groups G with d(G) < b(G) have closed suitable set. Now
we see that this condition becomes also necessary for locally compact non-compact
groups.

2.8. Proposition. Let G be a non-compact locally compact group. Then G € S,
iff d(G) < b(G).

Proof. As mentioned above we have to check only the necessity, so that let us
assume G € S.. If G is o-compact then by the above proposition d(G) < w. On
the other hand, being locally compact and non-compact, the group G cannot be
precompact. Hence b(G) > w.

Assume now that G is not g-compact. Let U be a compact neighbourhood
of 1 in G. Then the subgroup H of G generated by U is open and o-compact.
As G is not o-compact we have |G : H| > w. Let S be a closed suitable set of
G. Fix g € G. Repeating the argument of the first half of the proof of (a) in the
above proposition we can conclude that the intersection SN gH-is countable. This
yields d(G) < max{|S|,w} < [G : H]. On the other hand, since H is open we have
[G : H] < b(G). This yields d(G) < b(G). ]
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Local compactness is essential in Proposition 2.8. In fact, the subgroup G =

Q/Z of T is countable (hence o-compact and separable) and precompact, thus
d(G) = b(G) = w. By Theorem 0.4 G € S.

The existence of non-trivial convergent sequences in infinite countably compact,
groups is an old and intriguing problemn. Examples of infinite countably compact
Abelian groups without non-trivial convergent sequences were given by Hajnal and
Juhdsz [HJ] under CH and by van Douwen [vD1] under MA, but no ZFC example
of such a group is constructed to the date. Let us see how the presence of a suitable
set improves the situation.

2.9. Proposition. An infinite countably compact torsion Abelian group G € S
contains non-trivial convergent sequences.

Proof. Since every finitely generated subgroup of (G is finite, a suitable set S for
G has to be infinite; in particular G ¢ F. By Proposition 2.2 (a), there exists a
supersequence S — 1 in G, so that every countably infinite subset of S converges

to 1. 0

One cannot omit “torsion” in Proposition 2.9. In fact, under CH there exists
a countably compact monothetic Abelian group H without non-trivial convergent
sequences. To see this, consider the free Abelian group (i with ¢ generators. By
a result of [Tk], the group G admits a countably compact, connected Hausdorff
group topology 7 without non-trivial convergent sequences. Choose an element
z € G\ {0} and denote by H the closure of (z) in (G,7T). It is clear that H is as
required. The following example shows that the condition “G € S” in Proposition
2.9 is also essential.

2.12. Example. (See Theorem 3.15 of [C-T].) There exists under MA an infinite
separable countably compact subgroup G of {0,1}° without non-trivial convergent
sequences. Therefore, G is a torsion group and G ¢ S.

Example 2.12 shows that one cannot omit “countable pseudocharacter” con-
dition in Theorem 0.3 (d). Theorem 2.4 (a) of [DTT] shows that “separable” in
Theorem 0.3 (d) is also essential (there exists a Lindelof non-separable topological
group of countable pseudocharacter, by Proposition 2.13 below such a group cannot
have a suitable set). Clearly a group as in Example 2.12 cannot be w-bounded, since
w-bounded separable groups are compact. In Example 4.2.3 we give an example in
ZFC of an w-bounded minimal Abelian group without a suitable set.

As we have seen, compactness-like properties (such as countable compactness,
o-compactness, local compactness etc.) imply strict restrictions on the groupsin S
and S.. There is, however, at least one restraint for all topological groups in the
class S as the following simple but useful result shows (see Lemma 2.3 of [D'T'T]).
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2.13. Proposition. A topological group G € S satisfies d(G) < L(G) - Y(G). In
particular, a non-separable Lindelof topological group of countable pseudocharacter
does not have a suitable set.

3. Invariance properties

3.1. Finer topologies, direct sums

We start with the following simple assertion:
3.1.1. Lemma. S, and S4 are closed under taking finer topologies.
Proof. Discreteness and closedness are invariant under taking finer topologies. []

We do not know under which circumstances the conclusion of Lemua 3.1.1
remains true for the classes S and S..

The following result is close to Theorem 4.1 of [C-T], but our construction of
a suitable set is different because the method of {C-T] does not work for producing
closed suitable sets for direct sums of topological groups. First, we need some
notation.

Let IT = [[;c; G: be a cartesian product of topological groups G;. By definition,
the direct sum ®;¢;G; of the groups G; is the o-product of the groups G; with the
topology inherited from IT (see Section 1). Let A; be asubset of G;, 1€ 1. If J C 1,
we define

DicsA;i = {x € ®ie1G; i1y =1 foralli € I\ J and z; € A; for all 7 € J}.

3.1.2. Theorem. The classes S, and S;4 are closed under taking countable direct
sums.

Proof. Let {G:}ic. be a family of topological groups, G; € S for each i € w, and
let G = D, G;. For every i € w, denote by p; the canonical projection G — G|,
choose a closed discrete subset S; C G; witnessing G; € S. and define

A; = G};.__OS,’ and S = UiEwAi»

Then S; x {l.\(iy} € (S) for each i € w, and hence (S) = G. Clearly, the set
B = ®;c.(S: U{1;}) is closed in G, so that § C B. Since the projection py: G -- Gy
sends S onto the closed set Sy in Gy that misses 1g, it follows that 1o = po(1) ¢
po(Sj. Consequently, 1 ¢ S in G. Let . us show that S is closed discrete in G.

Take a point 1 # g = (gi)icw € (5). Then g € ®;<iG; for some ¢ € w. Since
g # 1 we can choose i to be minimal, that is, ¢; # 1;. These assumptions give
g€ BN®;<iGj = ®;<i(S; U{1;}). Since giy1 = i1 & Sit1, there exists an open
neighborhood U;41 of 1,41 in Gy such that U;¢y N Sipy = @. This immediately
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yields that W N A,, = @ for every m > i, where IV = p{;‘l(U,uH) is an open
neighborhood of g in G. This implies that g € A; U ... U A;. Since p;(Ax) = {1;}
for some k < t, we conclude that g ¢ Ag for k < i. Hence g € A;. The lalter is
equivalent to say that (gg,...,9:) € S| x ... x S;. However, the subset S} ... x S,
of Gg x ... x G; is closed and discrete as a finite product of closed discrete sets.
Thus, g € A; € S and g is an isolated point of S. Hence S is a closed discrete
subset of G and ¢ € S..

If each S; generates G; then S generales @;c,G;. Therefore, G € S.4. This
proves the lemma. 1

It will be proved in Corollary 3.2.4 that S and §; are closed under taking
arbitrary direct sums. However, this is not true for S; and S.4 even in the case of
direct sums of w; finite cyclic groups as the following exainple shows.

3.1.3. Example. The direct suin G = @®,,, {0, 1} of wy copies of the discrete group
{0,1} does not belong to S. Indeed, the group G is d-compact as the subset K,
of all elements of G with support of size < n is compact for every n € N. Since
d(G) > Rq, Proposition 2.7 (a) implies that G ¢ S.

Let us finish this section with one more examnple. The group J, of p-adic
integers is monothetic, and hence the direct sum G = @,J, of countably many
copies of J, belongs to S; by Theorem 3.1.2. Nevertheless, G ¢ S.4, for (/ is
o-compact and uncountable {(see Proposition 2.7 (b)).

3.2. Products
The following result is immediate.

3.2.1. Proposition. Let K be a dense subgroup of a topological group G and let
S be a suitable set for G with S C K. Then S is a suitable set for every group H
satisfying K C H C G.

The part (a) of the following lemmna. slightly generalizes Theorem 4.1 of [C-T}:
the part (b) is new.

3.2.2. Lemma. Let H be a subgroup of a cartesian product G = [],., G: of
topological groups G;. Suppose that for each i € I, p;(H) contains a subgroup L;
such that L = @®;¢1L; is dense in H, where p;: G — G is the projection. Then:
(a) if for every i € I, p;( H) contains a suitable set S; with S; C L;, then Il € S;
(b) L € Sq whenever L; € S, for each i € I.

Proof. (a) Let S; be a suitable set for I; = p;(H) satisfying S; C L;, ¢ € I. Define
S = U;e (Si x {1ng)}) € L and use the argument in [C-T, Theorem 4.1] to show
that S is suitable for [],.; K; and, by Proposition 3.2.1, for H and L.

(b) For every i € I, choose a suitable set S; for L; with (S;) = L;. By (a), the
set S = ;e (Si x {11\(5)}) is suitable for L. The equality (S) = L is immediat{ej
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The first part of the following result was proved in [C- T, Theorem 4.1].

3.2.3. Corollary. The class S is closed under arbitrary products. More precisely, if
G; € S foreveryi € I, then every subgroup H of the cartesian product G = [],.; G;
containing the direct sum ®;¢;G; belongs to S.

3.2.4. Corollary. The classes S and S, are closed under taking arbitrary direct
sums.

Corollary 3.2.3 implies that S is closed under taking ¥:-products (this was also
noted in [C-T, Theoremn 4.1]). We see now that this is not true either for S, or S.,.
In fact, if the index set I is infinite, the set S in the above proof has the identity 1
as a cluster point, so that S chosen in that way cannot be closed. It turns out that
no closed suitable set can exist in some cases.

3.2.5. Proposition. The classes S;, Sy and S.4 are closed under finite products
but fail to be closed under infinite products.

Proof. The case of finite products follows from Theorem 3.1.2 and Lemma 3.2.2.
For infinite products we shall give a single counterexample which serves for all three
classes. The key is the following corollary to Proposition 2.2: if a compact group G
is in some of these three classes then G € F. Let C be a finite cyclic group, |C| > 1
(so that C € Sg), and put G = C*. Then every finitely generated subgroup of G
is finite, whence G ¢ F. Therefore, items (b) and (c) of Proposition 2.2 imply that
GgS.and GES,. ]

3.3. Subgroups

The following example from [C--T, Theoreimn 4.7] shows that open subgroups of
groups in S need not belong to S.

3.3.1. Example. (See [C-T].) For every topological group G, the group H =
G x Gq belongs to S.4, where G4 denotes the group G equipped with the discrete
topology. So, if G ¢ S then the projection p: H —» G is an open homomorphism
which does not preserve the classes S, S;, Sg and S¢q-

This example shows that the property being in S (or in S, Sy, S¢g) is inherited
neither by open subgroups, nor by direct summands. The proof of the fact that
H = G x G4 belongs to S.g follows immediately from the following claim. The first
part can be easily deduced from Theorem 0.3 (b).

Claim. If G has an open subgroup H such that d(H) < |G : H], then G € S.. If
|H| < [G : HJ, then G € S¢q.

Now we discuss the passage to dense subgroups. Let us recall that dense
subgroups of metrizable topologically finitely generated groups are in the class S,
(see the argument after (c) of Introduction for a direct proof; this also follows
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from Theorem 0.3(a)). It was noted in [C-T, Remark 3.13] that S is not closed
under taking dense subgroups: the monothetic group T¢ contains a dense o-compact,
connected subgroup H ¢ S. On the other hand, a group G with a dense S-subgroup
not necessarily has a suitable set (see Example 2.13 of [D'T'T]). Therefore, the class
of groups containing a dense S-subgroup is strictly larger than S.

It is a challenging problem to characterize the latter class. We just note here
that under $ this class of groups does not coincide with the class of all topological
groups (see Theorem 2.4 (b) of [DTT]). We do not know, however, if there exists in
ZFC an example of a topological group which does not contain a dense subgroup
with a suitable set (see Problem 3.18 of [D'T'T]).

The counterpart for closed S-subgroups may be put as follows: Does a given
group G have a reasonably large closed S-subgroups? The answer is “no” under
MA: the only closed S-subgroups of the group G in Example 2.12 are the finite
ones. This suggests to restrict the class of closed subgroups. In particular, it seems
interesting to find out whether homomorphic retracts of groups in S (S.) belong to

S (S.).
3.4. Quotients

We begin with the question: when is S closed under taking quotients? ‘The
theorem below generalizes the fact that continuous surjective homomorphisms with
compact domain preserve S “downwards” (i.e., if G is compact then every quotient
of G is in §). We have seen in Corollary 2.3 that such a preservation is available
also when the domain is countably compact.

3.4.1. Theorem. The classes S, S., Sg and S.4 are closed under taking closed
homomorphic images.

Proof. Let f:G — H be a closed continuous surjective homomorphism. Suppose
that S is a suitable set for G. 'Then S C SU {1}. Define S; = f(S)\ {15}. Since
f is closed, we have S; U {1y} = f(SU{lg}) and the latter set is closed in H. An
analogous argument applied to an arbitrary subset S’ of S shows that S is discrete
and the identity 15 can be the only accumulation point of Sy, i.e., Sy is suitable
for H. It remains to note that if S is closed (generating), then S; has the same
property. ]

3.4.2. Corollary. If G € § and K is a compact normal subgroup of G then
G/K € S. The same is true for the classes S;, Sy and Sg.

Example 3.3.1 shows that G € S;gy and K € S¢4 do not imply G/I{ € S even
when K is discrete, i.e., closedness of f is essential in Theorem 3.4.1.

In what follows we investigate the preservation of S in the opposite direction.
Namely, we give some partial results about “lifting” the property being in S (or in
Sc, Sgy Scq) along a “nice” surjective hornomorphism f: G — H, i.e., we investigate
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when H € S yields G € § and similarly for the other classes. According to Lemma
3.1.1 it is not restrictive to consider only open homomorphisms f when S, and S,
are involved. It is also natural to assume that ker f € S. So, our general problem
can be reformulated as follows:

3.4.3. Problem. Let N be a closed normal subgroup of a topological group G
such that G/N € § and N € S.

(a) Is it true then that G € S 7

(b) What is the answer to (a) if N is either compact or metrizable, or discrete ?

By Proposition 3.2.5 and Corollary 3.2.3, the answer to Problem 3.4.3(a) is
“yes” when N is a topological direct summand, i.e., G 2 N x G/N. We show that
this remains true for semidirect products as well (see Corollary 3.4.8). In the sequel
we shall develop a line “transversal” to (b), i.e., we shall impose some additional
restrictions on the quotient G/N in order to get G € §. For example, Theorem 4.2
of [C-T] answers Problem 3.4.3 (a) aflirmatively for both S and S. when N is open,
i.e., when G/N is discrete. Our first aim will be to extend this observation to the
more general case when G/N € S, (see Theorem 3.4.5).

The proof of the following simple lemina is omitted.

3.4.4. Lemma. Suppose that f:G — H is a continuous homomorphism, S C G,
f(S) = Sy and the restriction fls: S — Sy is one-to-one. Then:

(a) if Sy is discrete then S is discrete;

(b) if Sy is closed and discrete in H then S is closed and discrete in G.

3.4.5. Theorem. Let N be a closed normal subgroup of topological group G such
that H =G/N € S.. Then:

(a) if N € S then G € S;

(b) if N € S. then G € S..

Proof. Let S; C H\ {1y} be a closed discrete subset of H such that (S;) is dense
in H. Choose a subset S of G such that f(S) = S; and f|s is one-to-one. Then S
is closed discrete in G by Lemma 3.4.4 and it is clear that SN N = 0.

(a) Assume that N € S and let S; be a suitable set for N. Then S3 = SU S,
satisfies §3 = SUS, = SU §;N because S and N are closed in G. In addition, by
the choice of S; we have EN C S U{lg}. This proves that S3 C S3U {lg}. Since
both S and 53 are discrete and the set 3‘;N C N is disjoint from S, we conclude
that S3 is discrete. Finally, the subgroup L = (S3) of G contains N, and hence
f(L) is closed in H where f:G — H is the quotient homomorphisin. Since f(L)
contains the dense subgroup (Sj) of I, we conclude that f(L) = H. Therelore,
L=f7f(L)=0G.

(b) Assume that N € S, and let S; € I be a closed discrete subset witnessing
H € S,. Argue as sbove and nobe thatl the sel Sy is closed n Lhis case. L
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3.4.6. Remark. Using the argument, of Theorem 3.4.5, one can prove that G/N €
Scg in conjunction with H € S, (resp., Il € S) yields G € S, (resp., G € S,).

Now we present another condition to ensure the positive answer to Problein
3.4.3(a). We shall say that a homomorphism f : G — I has a closed section if
there exists a closed subset X C G such that the restriction of f to X is injective

and f(X) = H, i.e., there exists a (not necessarily continuous) section s: H — G
such that X = s(H) is closed in G.

3.4.7. Lemma. Let f:G — G/N be a quotient. homomorphism with a closed
section and N € §S. Then G/N € S implies G € S.

Proof. Assume that S; is a suitable set for I = G/N such that 1 ¢ S;. Fix
a closed section o: H — G for f. Without loss of generality one can assume that
lg € o(H) (otherwise choose a € o(H)NN and define a closed section 0*: H — G by
o*(y) = a t-o(y) forevery y € H). Choose asubset S C o(I{) such that f(S) = S,.
The set S is discrete by Lemma 3.4.4. It is clear that S C o(H) N f~1(S}). Since
S; € S1U{ly} and f|,(y) is one-to-one, we have S C SU {1¢}. Fix a suitable set
S’ for N with 15 ¢ S’. Then Sy = SU S’ is suitable for G. Indeed, S, C S, U {1¢)
and S, is discrete because 1g ¢ Sz and the sets S and S’ are discrete, disjoint, and
ScCSullg), § C S"U{lg}. Finally, the group L = (S,) contains N, so that
f(L) is a closed subgroup of G/N. As in the proof of Theorem 3.4.5, this yields
f(L)=G/N, and hence L = G. (]

3.4.8. Corollary. S is closed under the semidirect product operation.

3.4.9. Corollary. If G is a connected pseudocompact group and N € S (resp.
N € S.) is a closed normal Gs-subgroup of G, then G € S (resp. G € S,.).

Proof. By Theorem 3.2 of [CRn}, G/N is a compact conuected metrizable group,
whence G/N € F C S.. Now Theorem 3.4.5 applies. (1

Note that a compact group belonging to S, is finite by Proposition 2.2 (c), so
that one can trivially extend the above corollary to the classes Sy and S,.

4. Minimal groups with suitable sets
4.1. Totally minimal groups

Here we show that the totally minimal groups almost always have suitable sets
(see Problem 4.1.6 below). Let us note that total minimality is the only exam-
ple, apart from local compactness, of a compact-like property that may entail the
existence of suitable sets: none of the compact-like properties considered so far (w-
boundedness, completeness, being Lindeloff, o-compactness) implies the existence
of a suitable set.
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4.1.1. Lemma. Let f: G — G| be a continuous surjective homnomorphism of com-
pact groups, Hy a dense subgroup of Gy. Then the subgroup H = f~'(H;) of G is
dense and:

(a) H =2 H/ ker f;

(b) H is totally minimal if Hy is totally minimal;

(c) H is minimal if Hy is minimal;

(d) H is countably compact if H; is countably compact;

(e) H is w-bounded if H, is w-bounded;

(f) Hy € S (resp., Hy € S;, S, Seg) if H € S (resp., H € S¢, Sy, Scq)-

Proof. The density of H and (a) are obvious, while (b) -(d) are well known (for
instance, (b) and (e) are proved in [DS, Lemma 2.1}, (c) can be found in [D2} and
(d) is proved in [CRn}). For (f), one can apply Corollary 3.4.2 along with the fact
that ker f is compact. (]

4.1.2. Lemma. If H is a dense totally minimal subgroup of a product I = [];¢, K;
of metrizable groups I(;, then H € S.

Proof. For each ¢ € I, identily the factor K; with the subgroup K; x {1;\(i}}
of K. By the total minimality criterion [DP] (see also {DPS, Theorem 4.3.3)), for
every 1 € I the subgroup L; = K; NI is dense in K;. Since each K; is metrizable,
Corollary 3.8 of [DTT] implies that for every i € I, K; contains a suitable set S;
with §; C L;. It is clear that @;¢;L; is dense in [],; Ly, so that ®;e;L; is dense
in H. Thus, H € S by Lemma 3.2.2 (a). 0

Our study of totally minimal groups depends on the following fact which is
important in itself. In the Abelian case, the same result was earlier established by
Hoffman and Morris [HM, Lemma 1.6].

4.1.3. Theorem. Let G be a compact topological group which is either Abelian or
connected. Then G is a quotient group of a cartesian product [],.; K; of compact
metrizable groups. In addition, if G is Abelian (connected), then the factors K; can
be chosen Abelian (connected). If G is Abelian and totally disconnected, then the
factors K; can also be chosen Abelian and totally disconnected.

Proof. (1) First, suppose that G is Abelian. Take the discrete Pontryagin dual
group X for G and its divisible hull D(X) (see Theorem 4.1.6 of [Ro]). Then
D(X) = ®e1D; where each D; is a countable divisible group isomorphic to Q or
Z(p®) for a prime p. Dualizing the inclusion homomorphism X — D(X), we get.
the desired continuous surjective homomorphism f : ]—L.G ; Ki — G, where K; is the
compact Pontryagin dual group for ;. Note that if G is connected then X and
D(X) are torsion-free [HR, Theorein 24.25], so that each D; is isomorphic to Q.
Therefore, the dual K; for D; is connected for all ¢ € 1.

If G is totally disconnected then X is a torsion group [HR, Theorem 24.26],
so that D(X) is also a torsion group. This implies that each summand D; is
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isomorphic to Z(p™) for a prume p, and hence the compact dual group K; for D, is
zero-dimensional {HR, Theorem 24.21}.

(2) Now let G be an arbitrary compact connected group. By a theorem of
Varopoulos [V], G is a quotient of A x L, where A is the connected component of
the center Z(G) of G and L is a product of compact counected Lie groups. By (1),
we can represent the compact connected Abelian group A as a quotient of a product
HjeJ K; of compact, connected, metrizable Abelian groups K;. Now [ « n;‘e/ K;
works. ]

Note that Theorem 4.1.3 immediately implies that compact Abelian groups
and compact connected groups are dyadic.

4.1.4. Theorem. Every totally minimal Abelian group has a suitable set.

Proof. Let G be a totally minimal Abelian group. Then the completion G of G is
a compact Abelian group by Prodanov’s precompactness theorem [P]. By Theorem
4.1.3, there exists a continuous surjective homomorphism f: I — (Av’, where I =
[1.c; K: and every K; is a compact metrizable group. According to Lemma 4.1.1,
H = f~Y(G) is a dense totally minimal subgroup of K and H/N = G, where N is
the kernel of f. From Lemma 4.1.2 it follows that H € S. Now Lemma 4.1.1 (f)
completes the proof. ]

The following theorem shows that the class S contains all totally minimal
connected precompact groups.

4.1.5. Theorem. Every totally minimal connected precompact group G has a
suitable set.

Proof. Since the completion GofGisa compact connected group, we can find a
continuous surjective homomorphism [:[],c; i — G, where every K; is a com-
pact metrizable group. It remains to apply the scheme of the above proof based
essentially on Lemma 4.1.1 to obtain G ¢ S. 1

4.1.6. Problem. Does S contain all totally minimal groups? What about precom-
pact totally minimal groups 7

It is worth mentioning that most of the known totally minimal non-precompact.
(hence, non-Abelian) groups are either locally compact or products of locally com-
pact groups (see [D2, §3.1], or [DPS, Chap. 7]), and hence belong to S by our
Corollary 3.2.3 and Theorem 1.12 of [HM] (see Theorem 0.2 (a)).

We finish with another example of a non-precompact totally minimal group
supporting the positive answer to Froblem 4.1.6.

4.1.7. Example. Let X be an infinite set and G = S(X) the symmetric group
equipped with the topology of pointwise convergence. Then G € S,..
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Proof. Choose a point o € X and define ¥V = {f € G : f(xg) = 19}. Then N
is an open subgroup of G, G/N is discrete and |G/N| = |X|. Therefore, H(G) =
X1t > d(G) = | X], so that Theorem 5.7 of [C-T] (see Theorem 0.3 (b)) applies.[_]

The totally minimality of the group S(X) was established by Dierolf and Schwa-
nengel [DiSw].

4.2. Minimal groups

Example 4.2.3 below shows that a minimal countably compact Abelian group
need not have a suitable set. However, connectedness helps as the following result
shows.

4.2.1. Theorem. Every minimal countably compact connected Abelian group G
has a suitable set.

Proof. The completion GofGisa quotient of a power of the compact connected
metrizable group K = Hom(Q,T), say K (see Theorem 4.1.3). According to the
scheme described in the proof of Theorem 4.1.4, it suffices to assume that G is a
dense minimal countably compact (necessarily connected) subgroup of K. Then
one can show (as in [D3]) that there exists a finite subset A of I such that the
group G contains the X-product of the groups K; = K, with i € I \ A. Define
K, = K"\A x {04} and G} = GN K,. Since K € S, Corollary 3.2.3 implies that
G € S. On the other hand, GG, is a closed Gs-subgroup of the connected countably
compact group G, so that we can apply Corollary 3.4.9 to conclude that G € S. []

We conjecture that “Abelian” can be eliminated from Theorem 4.2.1. On the
other hand, the topological assumptions can be weakened as follows: every connected
Abelian group that contains a dense minimal countably compact group has a suitable
set. Note that every group that contains a dense minimal subgroup is minimal, but
the counterpart for countable compactness does not hold true in general. Hence
this provides a larger class of groups (the analogous property in the category of
topological spaces is known as strong pseudocompactness).

4.2.2. Theorem. Let G be a countably compact minimal Abelian group. Then
both ¢(G) and G/c(G) are minimal and ¢(G) € S. If G € S, then also G/c(G) € S.

Proof. As a closed subgroup of G the subgroup ¢(G) is minimal ([DPS, Proposition
2.5.7]). Now Theorem 4.2.1 implies ¢(G) € S. Since the group G is countably
compact, ¢(G) coincides with the quasicomponent of G and the quotient G/c(G) is
zero-dimensional ([D1, Theorem 1.2]). Now the minimality of G implies that also

G/c(G) is minimal ([D1, Theoremn 1.7]). The last assertion follows from Corollary
2.3. ]

Let us note that the above theoremn settles one of the directions in the reduction
of the study of the countably compact minimal Abelian groups in S to case of totally
disconnected ones. In the opposite direction one has to be able to conclude that if
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G/c(G) € S (and ¢(G) € S, granted by Theorem 4.2.1) then G € S. 1o this end
one needs the positive answer of Problem 3.4.3 (b) (at least in the case of a compact.
subgroups, since ¢(G) is compact for a countably compact. minimal Abelian group
G whenever |c(G)] is measurable [D3]).

4.2.3. Example. There exists a totally disconnected w-bounded (and hence count-
ably compact) minimal Abelian group without suitable sets.

Proof. Let G be the w-bounded dense subgroup of Z(2)° with G ¢ S counstructed
in Theorem 2.12 of [DTT]. The group G is not minimal (since a minimal group
of exponent 2 must be compact, cf. [DPS, Example 2.5.3 (b)]). Tn order to get a
minimal group we consider a surjective continuous homomorphism f : K — Z(2)¢
where K is a totally disconnected compact Abelian group. Then by Leinma 4.1.1
(e), () the subgroup H = f~1(G) of K is w-bounded and H ¢ S. In addition, H
is totally disconnected as a subgroup of I{. To ensure minimality of H one has to
take f in such a way that every closed non-trivial subgroup of K meets ker f (cf.
[DPS, Theorem 2.5.1]). There are many choices of such an f: (i) K = Z(4)¢ and f
is the homomorphism “multiplication by 27, (ii) K = J§ and ker f = 2K. In the
case (i) H has exponent 4, in the case (ii) /{ is torsion-free. (]

5. Suitable sets in Bohr topology

The Bohr topology of a topological group G is the topology of G induced by the
Bohr compactification r¢: G — bG. In general, the homomorphism rg need not be
injective. For a locally compact Abelian group G the homomorphisin r¢ is injective
and we denote by Gt the group G equipped with the Bohr topology. In the special
case when G is an Abelian group with the discrete topology, we follow van Douwen
[vD2] and write G# in place of G*. An equivalent description of G* is as follows:
G* is the group G equipped with the initial topology with respect to all continuous
homomorphisms of G to T. Every homomorphism f : G# — H# is continuous.
More generally, if G, H are locally compact Abelian groups and f : G — H is
a continuous homomorphism, then also f : G* — H* is continuous. In other
words, * is a functor from the category of locally compact Abelian groups to the
category of precompact abelian groups. Actually, * is a reflector defined on the
larger class of mazimally almost periodic groups, namely all groups G such that the
homomorphism r¢g is injective, with values in the category all precompact groups.
For the restricted purposes of our exposition we prefer to apply this functor only
to locally compact Abelian groups and we give in the theorem below some useful
properties of the group G# and the functors * and # (the only case when local
compactness may fail will be the part of item (d) regarding infinite products).

5.1. Theorem. (a) x(G#) = w(G#) = 2I¢l d(G#) = |G|, ¥(G#) = log |G| and
b(G#) = w for every infinite Abelian group G.
(b) The groups G and G* have the same compact sets. Hence the only compact
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subsets of G# are the finite ones. In particular, G# has no convergent sequences
beyond the trivial ones.

(c) The functor * “respects” (in the spirit of (b)) other compactness-like prop-
erties: pseudocompactness, realcompactness, Lindeloff property, etc. Therefore, for
an infinite group G, G¥ is never pseudocompact.

(d) The functor * preserves topological subgroups, quotients and direct prod-
ucts.

(e) All subgroups of G# are closed.

(f) If S is an independent subset of G then S is closed and discrete in G¥.

(g) G* contains a closed discrete subset of size |G|.

Proof. (a) The first two equalities follow from the well known equalities x(bG) =
w(bG) = 2191, The equality d(G#) = |G| follows from (h) (whose proof does not
depend on (a)-(g)). The equality b(G#) = w simply says that G¥ is precompact.

To prove the equality ¥(G¥) = log |G| suppose that G is uncountable (other-
wise the equality is trivially satisfied). Note that ¥(G#) coincides with the minimum
number |I| of homomorphisms f; : G —» T, 1 € I, that separate the points of G. For
every point separating family {f;}ies, the diagonal product A f; is an injective
homomorphism of G to T', which gives the inequality |G} < |T'| = 2!'1 and, conse-
quently, [I| > log |G]. On the other hand, since T is divisible and contains a copy
of every finite cyclic group, every Abelian group G is a subgroup of some power T/,
where I has to be taken so that the obvious inequalities r(G) < r(T') = 2!l and
15(G) < rp(TT) = 2! be satisfied (here r is the free-rank and r, is the p-rank).
Since |G| = max{r(G),sup,{r,(G)}} gives |G| < 2!, onc can choose I with the
only restraint |7} > log |G]. This proves (G*) = log |G

(b) See Glicksberg’s article [Gl].

(c) All these facts are proved by Trigos-Arrieta {TY].

(d) Let H be a closed subgroup of a locally compact Abelian group G. We have
to prove that the subgroup H* is a topological subgroup of G*. The continuity of
the inclusion ¢ : H* — Gt follows from the functoriality of *. To see that ¢ is an
embedding recall that every continious character H — T extends to a continuous
character G — T ({HR, 24.12]).

Now we show that (G/H)* = G*/H™, where the latter group is equipped with
the quotient topology. The countinuity of the quotient homomorphism f : Gt —
(G/H)* and the identity (G/H)* — G'*/H* follows from the functoriality of *.
The continuity of the identity G¥/H* — (G/H)" follows from the continuity of
the quotient homomorphism f and the universal property of the quotient topology.
The proves the preservation of quotients under +.

Let G, H be locally compact Abelian groups. The continuity of the identity
map (G x H)* — G+ x H* follows easily from the functoriality of *. Again by
functoriality of *, both inclusions i: Gt «» (G x H)* and j: H* — (G x H)* are
continuous. Since the product topology of G x H* has the universal property
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with respect to the monomorphisms 7 and j ([DPS. Exercise 2.10.4 (i)]). it follows
that the identity Gt x H* — (G x H) ' is continuous. This proves the preservation
of finite direct products under *. The case of arbitrary direct products may lead
out of the category of locally compart groups. Nevertheless, the preservation is
still available since Bohr compactification commutes with arbitrary direct products
((HdV]).

(e) Let H be a subgroup of G. Note that the homomorphisiis of G/H to T
separate the points of G/I{. In view of the properties from (d) this yields that /{
is a closed subgroup of G#.

(f) and (g) are proved in Lemuma 1.4 and Proposition 2.5 of [HvM2]. (]

We will also use the following simple fact.

5.2. Proposition. Let G be an Abelian group. Then:
(il) G# € Siff G* € S,; (i) G* € S. if G# € S.
For an arbitrary precompact group topology T for G, we have:
(i) if (G,7) € Sy then G¥ € Sy; (ia) if (G.7) € Sy then G¥ € S,,.

Proof. (iy) and (iz) follow immediately from Theorem 5.1 (e). For (ii;) and (i),
note that the identity map G# — (G, 7) is continuous as G¥ is the group G equipped
with the finest precompact group topology. Now Lemia 3.1.1 applies. ]

5.3. Lemma. Let G be a direct sum of countable Abelian groups. Then G¥# € S,,.

Proof. Let {G; : i € I} be a family of countable subgroups of an Abelian group
G such that G = ®;¢;Gi. By Theorem 2.2 of [C-T], every Gl# is in Seg. Then,
by Corollary 3.2.4, the group G = ®;¢; Gl# equipped with the Tikhonov topology
7 with respect to the summands G;-# is in Sy as well. Since the topology 7 is
precompact, we can apply Proposition 5.2 to conclude that G# € S,,. il

We give now an immediate corollary to Lemma 5.3 though we shall prove later
a stronger result (for (a) and (c) see Lemma 5.5, for (b) see Lemnma 5.6).

5.4. Corollary. G# ¢ Sq whencver an Abelian group G satisfies one of the follow-
ing conditions:

(a) G is algebraically free;

(b) G is divisible;

(c) G is a direct sum of cyclic groups.

Our positive results about G# show that the lack of non-trivial convergent
sequences need not always imply the lack of a suitable set (cf. Example 2.12). One
of the reasons is that the group G# is never countably compact for an infinite group
G (by Theorem 5.1 (c)).

It is known that the group J,, of p-adic integers is indecomposable. Moreover,
the compact group J, is monothetic, and hence J, € 7 C S.. However, J, € S,
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by Proposition 2.2(c), so that Corollary 5.4 cannot. be applied to decide whether
J# € S. However, we shall see below that Jf € Spg.

Let us show that if G is a direct sum of cyclic Abelian groups then the stronger
property G* € S.g holds.

5.5. Lemma. G# € S,, holds when G is a direct sum of cyclic groups.
g Y £ I

Proof. By our hypothesis G is generated by an independent set S and by (f) of
Theoremn 5.1 the set S is closed and discrete. Thus, G# € S,. J

5.6. Lemma. G¥ ¢ Scq hold for every divisible Abelian group.

Proof. Let G be a divisible abelian group. If |I| < Wp, the conclusion follows
from Theorem 2.2 of [C-T], so that we assume that |I| > Ry. Then one can easily
see from the structure theorem of divisible Abelian groups that G =~ H x D x D,
where H is a countable Abelian group and D is an infinite Abelian group (cf. [Ro,
4.1.5], note that both H and D are also divisible as direct summands of G but
this is irrelevant for our proof). By Theorem 2.2 of {C-T], H# is in S;5. On the
other hand, by Theorem 5.1 (g), the group D# contains a closed discrete subset of
size |D|. Now Lemma 2.4 (b) yields that D# x D# € S,,. By Proposition 3.2.5,
H#* x D* x D¥ € S.,. It remains to apply Theorem 5.1(d) to conclude that
G* = H#* x D¥ x D* € S,,. [

5.7. Theorem. G# € S, for every Abelian group G.

Proof. Let G be a torsion Abelian group. Then there exists a subgroup H of
G which is a direct sum of cyclic subgroups such that the quotient group G/H is
divisible (see Theorem 2.3.4 of [Ro]). Now Lemma 5.6 gives (G/H)¥* € S.,, while
Lemma 5.5 implies H# € Seg- By Theorem 3.4.5 we conclude that G¥# € S,.. Hence
G#* € S.4 by Proposition 5.2 (iz).

Let G now be an arbitrary Abelian group. Fix a free subgroup F of G such that
G/F is a torsion group. By the above argument, (G/F)# € Seq, while I'# € Seq
by Lemma 5.5. Finally, Remark 3.4.6 implies that G# ¢ Seg- R

Let us observe that this theorem gives a class of groups in S¢q quite far from
those in S, provided by Theorem 0.3 (b) since now d(G#) = |G| and b(G#) = w by
Theorem 5.1 (a), while Theorem 0.3 (b) applies to groups G with d(G) < b(G).

The next theorem generalizes Theorem. 5.7. Let us recall that every locally
compact Abelian group has the forin G = R™ x I{, where I has an open compact
subgroup K. While the vector subgroup R™ is uniquely determined, the direct
summand H is not. We shall refer to I as to maximal compact subgroup of G,

since for every compact subgroup L of G the sum K + L is compact and the index
[((K + L) : K} is finite.
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5.8. Theorem. G* € S for every locally compact Abelian group G. Moreover,

if G has a maximal compact subgroup that admits a closed suitable set, then also
Gt es,.

Proof. Let G = R™ x H, where H has an open compact subgroup K. Consider the
open subgroup G; = R™ x K of G. Siuce R™ has a dense n + 1 generaled subgroup
([CM, Proposition 2.3]), we conclude that (R*)* € S.. Now G| = (R")* x K by
(d), hence Corollary 3.2.4 yields G} € S as I{ € S (by Theorem 0.2). Moreover, by
Theorem 3.1.2 G'l+ € S. when K € §,.

Observe that by Theorem 5.1 (d) the quotient Gt /G has the same topology
as (G/G1)* and the induced from G* topology on G coincides with that of G}.
Since the subgroup G is open, (G/G)t = (G/G,)*. Hence by Theorem 5.7, the
quotient G*/G} = (G/G;)* has a closed suitable set. Now by Theorem 3.4.5,
applied to G* and G} we conclude that G* € S. The same theorem permits
to conclude that Gt € S whenever K € S, since this was shown above to yield

c*es.. N

[t is easy to see that if some maximal compact subgroup of a locally compact
Abelian group G has a closed suitable set, then all maximal closed subgroups of
G have that property. In particular, this applies to discrete Abelian groups, hence
Theorem 5.8 is indeed a strengthening of Theorem 5.7.

5.9. Corollary. Let G be a direct product of locally compact Abelian groups.
Then G* has a suitable set.

Proof. Follows from Theorem 5.1 (d) and Theorem 5.8. ]
We are left with the following questions:

5.10. Question. (a) Let G be a locally compact Abelian group. Does G € S,
always imply Gt € S.7

(b) Does every topological Abelian group that satisfy Pontryagin duality admit
a suitable set?

The motivation for (a) is the general fact that many properties of G are pre-
served under the passage to G* (see Theorem 5.1, (b), (c)). Having a suitable set
is such an example, according to Theorems 0.2 and 5.8. A positive evidence sup-
porting the counterpart for closed suitable set (i.e., question (a)) is the second part.
of Theorem 5.8 and the fact that a locally compact Abelian group G as described
there admits a closed suitable set (although there are many locally compact Abelian
groups G € S; that do not satisfy that property, according to Proposition 2.8). As
a last fact supporting (a) we mention that we do not see any examples of locally
compact Abelian groups G violating G* € S, except in the extreme case G = G+
compact.

Part (b) of Question 5.10 is motivated by Corollary 5.9 since direct products of
locally compact Abelian groups satisfy Pontryagin duality (|[Ka]). Closed subgroups
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of countable products of locally compact Abelian groups satisfy Pontryagin duality
as well [N]. A wealth of material upon which this question could be tested is provided
by the important monograph [B].

Acknowledgements. We thank the referee for providing us an important refer-

ence. .

Note added February 2, 1998: The first part of Theorem 5.8 was proved in-
dependently also by Tomita and Trigos [T'T]. Recently Trigos and the first named
author answered Question 5.10: part (a) positively and part (b) negatively. The
proofs will appear in a forthcoming paper.
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